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PREFACE 

IN this book I have attempted to put together for 
the benefit of the mathematical student those 
properties of the Homogeneous Linear Substitution 
with real or complex coeificients of which frequent 
use is made in the Theory of Groups and in the 
Theory of Bilinear Forms and Invariant-factors ; but 
which have not hitherto been collected in a single 
treatise, so far as I am aware. 

I have confined myself to those properties of 
substitutions which do not depend on any ' group ' 
of such substitutions. The main reason for this 
hmitation is the fact that the most interesting 
properties of substitution-groups may be found in 
the second edition of Prof. Burnside's Tlieory of 
Grou2)s (Cambridge Univ. Press, 1911); and it does 
not seem worth while to repeat work already so 
excellently performed. I have also limited myself 
in the main to the discussion of substitutions whose 
determinant does not vanish. 

In the range to which I have confined myself 
I have made considerable use of Dr. Bromwich's 
Quadratic Forms (Cambridge Tracts, No. 3, 1906), 
Prof. Bocher's Iiitroduction to Higher Algebra (Mac- 
millan, 1907), Dr. Muth's Theorie und Anwendung der 
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Elementartheiler (Teubner, 1899), and Prof. Weber's 
Lehrhtich der Algebra (Braunschweig, 1898), in addition 
to numerous articles in mathematical periodicals. The 
reader will find that the methods of proof are in many 
cases new, though the results are for the most part 
well known. 

I have made no attempt to insert complete refe- 
rences, though a reference is occasionally given if 
likely to prove useful to the reader. 

The student wiU find it an assistance to the under- 
standing of the subject if he will work through some 
of the examples, many of which are quite easy. 
I have given indications of the method of proof in 
most cases. 

The reader who is more interested in the applications 
than in the abstract theory of the subject may confine 
his attention to the first four chapters in the first 
instance. 

My best thanks are due to the Delegates of the 
Oxford University Press for kindly undertaking the 
publication of this book, and to the Staff of the Press 
for the care and skill with which the printing has 
been done. 

H. H. 
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CHAPTER I 
ELEMENTARY PROPERTIES OF SUBSTITUTIONS 



§ 1. Definition of Substitution. 

Suppose we are given the equations 






(i) 



Then the operation of replacing a;^ by x^', x^ by a,/, ... ,x^ 
by ar„' is called the liomogeneoiis linear t-ubstitution A of 
degree m, defined by the equations (i). 

In this book 'substitution' will always mean 'homogeneous 
linear substitution'. 

The m quantities iCj , 03,, . . . , a;„ are called the variables of 
the substitution A ; the quantities a^: are called the coejfficients. 
Both variables and coefficients are ordinary real or complex 
quantities. 

The array 



'hi "12 
a„ a. 



«i 
21 "-"z-j 



will be called the TOiatrix of the substitution A. If the matrix 
is considered as a determinant, it is called the determinaiit oi A. 
We shall suppose that this determinant does not vanish, unless 
the contrary is stated. 

The substitution A will often be denoted by 



X,' = iit^x^ + ai^x^ + 
or by 
(aijXj + a-^^x^ + 



+ «<m^™(* = l. 2, ...,m) 



■••> "mi »! + «»« 2 •'':;+ •••+l'm; 
B 



I *»i)- 



10 DEFINITION OF SUBSTITUTION [I 1 

The substitution 

is called the unit substitution. It will be denoted by the 
symbol E.* 

Ex. 1. If f{x, y) = is the equation of a curve referred to 
rectangular Cartesian axes, the equation referred to the axes 
obtained by turning the original axes about the origin through an 
angle 00 is found by performing on f(x, y) = the substitution 
(a; cos 0)—^ sin 0), a; sin (o + y cos to). 

What is the similar result in three dimensions ? 

Ex. 2. The product xy is reduced to the difference of two squares 
by performing on it the substitution {x+y, x—y). 

§ 2. Products. 
Given two substitutions A and B 

!«t = (^ti^i + <^t2^i+ ■■■+Ctm^mit = 1,2, ...,m) 
and Xt=bt^Xi +6(^X2 + ... +bf^x^ (t = 1,2, ...,m); 

then P is called the product of A and B, if F is the substi- 
tution 

< = ^n^i+iJ<2a'2+ ••• +^<ma^™ (t = 1, 2, ..., m), 
where 

Pij = K% + K<^2j + ■■■+ hm<^mj (i, i = 1 , 2, . . . , m) . . . (i) 
This is denoted symbolically by the equation P = A . B or 

P = AB.f 

We can obtain P conveniently in practice by operating 

with A on the right-hand side of the equations 

of 5. ^t' = hl^l + ^t2'^2+ — +btm'«m 

We thus obtain 

+ <^2m'^m) + ■••+i>tm{am-i^i+"m2^2+ ••• +amm<^m), 
or Z/ = ft,Xi + pt^x., + ... +Pfr^X^ 

from equations (i). 

We see immediately that AB and BA are not in general the 
same substitution. If they are, so that AB = BA, A and B 
are said to be permutable or coTnimutative. The conditions 
for this are by (i) 

buaij + bi2a2j+... + b^^a^- = a^iJi^. +0^262^.+ ... +«i„6„; 

(/,j)=l, 2, ...,m). 

* From the German 'Einheit'. Bdcher in his ' Higher Algebra' uses I. 
+ The definition of ' product ' holds good, even if the determinant of ^ or B 
is zero. 
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We readily prove AE = EA = A. 

By the ordinary law for multiplying determinants we have, 
using equations (i), 



Pn 
P21 



Pn 



Pxm 
V'lm 



Pml Pm2 



Pr, 



^11 



"ml "ml. 



"im 



*U 



'im "2TO • • ■ "niTO 
Therefore : — 

The deterininant of the product of hue substitutions is the 
product of their determinants. 
Suppose now that G is 



^t = c«ai + c^go;;, + . . . + Cf^x^ (t 



= 1,2,.. 
Then 



,m) 



I "mm^mj)> 



and that P is the product of AB and C. 

Pij = Cii(&iiaij + &i2«2j + •■• +^im<^mj) 

+ <'iAhl(^lj + h2(^2j+ ••• +^2m«mj) + ' 
+ Cim{Kiaij+K2(^2J + 

or 

Pij = ^Ci^^by^a^j {y, /3 = 1, 2, ..., m) (ii) 

Forming the product of A and BC we get the same .substi- 
tution ; i.e.AB.C= A.BC = P 

We say that P is ' the product ABC of A, B, and C '. 

Similarly ABC. D = AB .CD = A . BCD; and so on for 
the product of any number of substitutions. 

The reader will have no difficulty in proving by induction 
that, if P = ABC... KLM, then 

p^. = Smj^Z^fcx* ■■■ Csyb^e^^fij {iJ.,\,K, ...,b,y,fi = 1,2, ...,m); 
and that the determinant of the product of any number of 
substitutions is equal to the product of their determinants. 

Ex. 1. Find the product of x' = x—y + e, y = -x+y + 2B, 
s' = ix—2y—s and of x' = 2x-k-2y—%z, y'=y-s, e'=x+y + e. 

[In the second of these, substitute from the first x—y + e for x, 
—x+y + 2z{oTy, 4:X—2y-z iov z. 
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We get x'= 2(x-y + s) + 2(-x+y + 2g)-Z(^x-2y-g)] 
y'= (-x+y + 2e)- (4:X-2y-s)\, 

/={x-y + 3) + {-x + y + 2g)+ (4:X-2y-s)j 

or x'= -12x+Qy + 9g, y'= -5x + 3y + Se, z'=ix-2y + 2z. 

which is the required substitution.] 

Ex. 2. If A={2x + y,Sx + 2y), B = (bx-2y,2x-y), 
C = (x-y, x + y), 
find ABC, BCA, GAB. 

TABC=(3x+y, bx + y), BCA = (Ux-ay, 2%x-9y). 

^ GAB = {5x-3y,x-ij).-} 

Es. 3. If A=(x-y + 2g, 3x-y, -2x-y + z) 
and B = {'ix-2y+2z,y-\-g,y), 

find AB and BA. 

[(— 6a;— 4«/+10^, x — 2y + z.3x—y) and 

(4:X—y + z, 12x—7y + bg, —Sx + iy—belJ 

Ex. 4. (x+y + e, —x+y—w, x+e + w, —y—z + w) and 
{2x—y + z + w, 2y + Sz—w, 2x—y — 2z + 3w, —Bx—2z—2w) 
are permutable. 

[Their product is {ix + 2z + Sic, x + 3y+iz, x—2y—3z + 2w, 

— 5x—y—3z — 4:'w).'} 

Ex. 5. {ax + by, cx + dy) and (Ax + By, Cx + Dy) are permutable 
if a-d:b:c = A-I):B:a 



Ex. 6. The substitutions with matrices 



a h c f g 

a 6 / 

a 

i fe i d e 

\ h d 



and 



a 1 

a 1 

a 

tx 1 

0a 



are permutable. 



Ex. 7. A substitution with matrix of the form 



a. 



• OCm 




■ am-1 




• «)n-2 


or 


• «! 





a, a. 



tx. a^ 



a™ a, 



ex., 



^m-\ 



is called ' cyclant of type I ' or ' cyclant of type II ' respectively. 
Show that the product of any two cyclant substitutions of type I 
is of type I ; that the product of any two cyclant substitutions of 
type II is of type I ; and that the product of a cyclant substitution 
of type I and a cyclant substitution of type II is of type II. 

Show that any two substitutions of type I are permutable ; but 
that this is not in general true of type II. 
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Ex. 8. If Si = (aiXi + \x2 + CiXs + diXi+ ..., 

^tXi + b^x^ + c^Xi+..., a-iX3 + b^Xi+ ..., ..., fliorj, 

a^^a + 622^3 + C2«4 + ---) 020-3 + 6„a-4+..., ..., a,x„^), 

then SiS28i... = {ax-^ + i3x2 + yx._^ + &x^+..., (XX2 + Px^ + yXi+ ..., 

(XXs + liXi+..., ..., (xxj; 
where (ai + b^x + CiX^+ ...) x (a.^ + b2X + C2X^+ ...)x ... 

= ((x + lix + yx^ +...). 
[Use induction.] 

Ex. 9. Prove that any two of the substitutions Si, S2, S_i, ..., of 
Ex. 8 are pennutable. 

§ 3. Inverses and Powers. 

The product AA is denoted by A^, AAA by A^, AAAA 
by^S.... 

If the determinant of A does not vanish, we may solve the 
equations (i) of § 1 for x^,x^, ...,x,„. Then we obtain 
^t = «ii K + a;2< + • • ■ + a/,na;„/ (< = 1, 2, . . . , m) 
where ai=^,v/|a|; A^: being the cofactor of a^ in the 
expansion of the determinant \a\ oi A. 

The substitution 

^t = ^n^\ + a<2a'2 + • • • + <^tm^w. (< = 1, 2, . . . , to) 
is called the substitution inverse to A, and is denoted 
by A-K* 

It follows from the definition that AA~^ = A~^A = E. 
The substitutions inverse to J.^ .4^, A*. ... are denoted by 
A-^A-^A-\ .... 

Since 
il2^-2 = ^ = ^ A-^ = AEA-^ = A.A A-K A'^ 

= A^.A-^A-\{A-'^Y=A-^; 

and similarly 

(A-'^f = A-^ (A-y = A-\ ... . 

The reader will now readily prove that (if J." = E and 
A^ = .4) J. '"Ji" = vl "•''"" ; where 771 and n are any positive or 
negative integers. 

The inverse of AB is B-'^A-\ In fact AB . B-^A'^ 
= AA-^ = E. Similarly the inverse of ABC is C-^B-^A'^; 
and so on. 

The substitutions A, A^, A^, A*, ... may be all distinct. If 
this is not the case, suppose A'^ = A' {r>s). Then A''. A'^ 

* This definition only holds good if the determinant of ^ is not zero. 
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= A'. A'" or A'"^ — E; so that one of the series A, A^, A^, 
A^, ... is E. Let -4" be the first of this series which is E. 
Then n is called the order of A. 

Ex. 1. Find the inverse of 

af=i:X+y + %s, if'=A:X — «/ + 4«, z'=%x+y + 2e. 
[Solving for x, y, g we get 

x= -6x'+y' + 7g', y =Ax'-y'-ig', z'= 7x'-y'-8z'. 
Therefore the required inverse is 

a/= —6x+y+7s, y'= 4:X—y — 42, z'=7x—y — 8e.2 
Ex. 2. Find the inverses of 

(3x-2y, ix-3y), (-2y-z, 2x + Sy+2z, -x-y-z), 
{2x+y + e + w, 2x + 2z—w, —x + y—z+w, —y—w). 

[(3a;-2y, 4a;-3z/), [x + y + z, y^2z, -x-2y-iz), 

(x+z + 2w, y + 2e + w, —x—2z—3w, —y—2z — 2w)^ 
Ex. 3. Find the inverses of 

[x^, x^ d^x-^, x^ a^x-^,..., x^ a^Xj), 
{ocx^+x^, (XX2 + X3, ..., ax^.i + x^, OCX J, 

(xi, txxi + X2, a'^Xi + 2cxx2 + x^, ..., a'>^''^Xi+"^~^CjOi"^~'^x,^ 

-'2'- 

iJjCi, X2 + a2Xi, x^ + a^Xi, ..., Xjj^ + a,„Xi), 



+ ">-^C^Oi^-^x,+ ...+xJ. 



.,(x- 



■a.~''x3 + (x~''x^—..., ..., o(- 



{a~^Xi — oc'^x2 + a.~^x. — . 

(^— (— ejXi — e^a^j— ... — e^a;,„_j+a;^), Xi, x^, ..., a;^-ij' 

(Xi, —OiXi+X2, (X^Xi — 2ax2 + x^, —oc^x^ + Bix^x^ — BcxXi + Xi, ...).] 

Ex. 4. The inverse of a substitution with a matrix of the type 

C B A 
has a matrix of the type 












Of 








a 


/3 





a 


a 


y 


a 


/3 


y 


8 



C 



A 





; and 



similarly for substitutions of any degree. 
Ex. 5. Find the orders of 

i,Zx-4.y,2x-Zy\ {^x-lZy^hx-^y), {-^^{x-y\ ^^{x^y)), 

{-y, -z, -x), (f>x + &y, -ix-5y, 8x + 8y-e), 
(3x-Sy + iz, 2x-Sy+4:Z, -y + z), 
(5x + 2y + 2z + 2tv, 2x&y + 2w, —8x-iy-3g—'lw, 

-ex-2y-2z-3w\. 
[2, 4, 8, 6, 2, 4, 2.] 

Ex. 6. Show that 

(-Xi-X^-X^-X^-..., X.^ + ^CiX3+^C^X^+..., 

-x,-<'C2X,-*C2X,-..., ...,(-irxJ 
IS of order 2. 
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Ex. 7. Show that 

"i + 02 + . . . + a^ 
is of order 2. 

What is the geometrical interpretation if w = 3 ? 

[(a^i', X2', Xg) and (a;i, X2, x-^) are reflexions of each other in 
the plane UiX-^ + UiX^ + a^x^ = 0.] 

Ex. 8. If ad— 6c = 1, the necessary and sufficient conditions 
that [ax+hy, cx + dy) should be of order 2 are a^ — 1, 6 = c = 0. 
If ad—bc-= —1, the condition is a + d = 0. 

Ex. 9. If A is (ax, bx + ay, cx + ae), 

.4" is (a"aj, na^'^bx + a^y, na'^~^cx + a'"e). 

[If this were true we should obtain ^""""^ by substituting ax 
for X, bx + ay for y, cx + ae for z in this value of -4"; ie. A"''''^ 
would be 

(o"(ar), «a""^b(ax) + a»(6x + o^), na'^~^c{ax) + a'^{cx + ag)) 
or (a»+ix, (w+l)a"6a; + a""^i«;, (w + l)o"ca; + a"+i2). 

Now use induction. Examples 10 to 15 may be treated some- 
what similarly.] 

If ^ is of finite order, 6 = c = 0, and a is a root of unity. 

a*^x, — cx + d^y\- 

a — a ) 

What are the conditions that A is of finite order ? 

Ex. 11. If A is (cosco .a;— sinoj.y, sin to. a; + cos to.?/), ui" is 
(coswto. a;— sin wto .y, sinnto. x + cos «to. y\ 

What is the condition that J. is of finite order ? 

Ex. 12. Prove that the n-th power of 

(axi + ara, axj + ajg, ..., ax^^-^-^x^, ax,„) 
is ((a + O^a;!, (a + 0"a:2, ..., a"a;J ; 

where e is the operation changing x^ into x,.+i , and 

^m+l ~ ^m+2 ~ ■•• ~ ^• 

The substitution is not of finite order if »» > 1. 
Ex. 13. Find the n-th power of 
S = (aari-l-6a;2 + ca;3-l-d2-4+..., aXi-\rbx^-vcx^->r ..., 

ax■i■\■bx^^- ..., ..., oa-J. 

If S is of finite order, 6 = c = d = ... = 0, and a is a root 
of unity. 

[Use § 2, Ex. 8.] 

Ex.14. If iS' = (x2, ^3, ..., x^, eiXi + e^x^+.-. + e^xJ; 

fi? = {X.^, Xi, X^, ..., X^, a,ny,„, Om3/m-l + «m+iym)> 

S^ = (xi, Xg, x^, ..., a^y^, am2'm-i + «m+i2'm. 
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"m+l^I + am+2y2 + — + «2/H2',tt). 

where 2/1 = e-i^x,,^, y., = e,a;,„.i +e2ar,„, . . . , 

Ptn ^^ ^I'^'i + ^2*2 + ••• + '^in-^m^ 

and ai\ + a,X- + a3X3+.,.+a„^\m+a^^^^Xm4-i^ 

e^ 

-(-A'«+e, + e2X+...+e„A'»-iV 
Ex.15. If s„ = l+?:0((, Sij-7caij(i^j); and S^+i = P, then 

i^y = {kaij+^C,kHy + "C^l^Cij + ...); 
where B = A^, C=A\ .... 

If Ti and the a's are integers and S is of finite order, S= E 
unless fc = ±2. If A; = +2, S= jB or S^ = ^. (Minkowsky's 
Theorem). 

Ex. 16. The determinant of a substitution of order n is an »j-th 
root of unity. 

QThe determinant of A"' is the w-th power of the determinant 
of .A.] 

Ex. 17. If .4 is of order «, A'^ = E, if and only if r = Ten ; 
where & is a positive or negative integer. 

Ex. 18. If .4 is of order n, A^ is of order n/d ; where d is the 
H. C. F. of n and r. 

Ex. 19. If A and B are permutable, so are A^ and jB'. 

Ex. 20. If A, B, C, ... are permutable, the order of ABC ... is 
the least common multiple of the orders oi A, B, C, .... 



§ 4. Transposed and Conjugate Substitutions. 
Let A be the substitution with matrix 



"12 

«22 



"mi • 

The substitution with matrix 



a 



"11 

12 



a. 



*21 

22 



«,,„ «„ 



"ml 
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is called the substitution transposed to A, and is denoted 
by A'. 

The substitution with matrix 



a.. 



Sni '*ni2 • • • ^mn 

is called the substitution conjugate to A, and is denoted by A. 
In this dfj denotes the complex quantity conjugate to a,--.* 
We shall adopt this notation throughout. 

The substitution conjugate to A' is denoted by A'. 

It follows at once from equation (i) of § 2 that with the 
notation there used B'A' is 

or that RA' is the substitution transposed to AB. 

It can now be at once proved that the substitution trans- 
posed to ABC is C'B'A' ; to ABCD is D'C'B'A', &c. 

Similarly the substitution conjugate to AB is AB, to ABG 
is ABC, &c. 

It follows that A'^, A'^, ... are the substitutions transposed 
to A'*, A^, ... ; and A^, A^, ... are the substitutions conjugate 
to A^A' 

Again, the substitution transposed to E= AA~^ is {A~'^)'A'. 
But E is transposed to itself, and hence (A'^YA' — E or 

{A'r^ = (^-1)'. 

Therefore the substitution transposed to the inverse of A is 
the inverse of the substitution transposed to A ; and similarly, 
the conjugate of the inverse is the inverse of the conjugate. 

Ex. 1. The determinant of ^ is the same as that of A', and 
is conjugate to that of A and A!. 

Ex. 2. If A and B are permutable, so are A' and B^, and so are 
A and B. 

§ 6. Transformation of Substitutions. 

If E = B-'^AS, R is called the transform of A by S. The 
importance of this transform lies in the theorem : — 

The transform of A by S is found by expressing A in terms 
of new variables defined by S. 

* If aij is real, dij = a!j. 

1«9 C 
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In other words, if in the equations 

x( = a^iiTi + a^^x.^ +...+ af^x,,, (t = 1,2, ..., m) 
defining A we put 

sti^i + S(2< + ■ • • + S(m V equal to y/ \ u ^ -^ ^ m) 
s,,*! +%a;2+...+ s,^a!„ equal to 7/< ) ^ ' ' •"" -' 

and then solve for j//, i//, ,.., 2/,„' in tenns of yi,yi 2/^. 

we get 

2// = ''n^/i + n/yi +'■■ + '>'tmym (< = 1, 2, . . . , m). 
In fact, we have by § 2 if -S-M = B, i.e. A = SD, 

^I = dnyi + di.^y.i^-... + dt^y^{t = 1,2, ...,m). 
Hence 

since i? = BS gives 

The result of transforming A by several substitutions in 
succession is equivalent to transforming A by a single 
substitution. 

For example, the result of transforming A in succession 
by S^, S^, Ss is S.^-^{S^-^S^-^AS^)S2]S^, which is 
{S,S,S,)-^AiS,SA). 

The transform of a product of any substitutions by a given 
substitution S is the product of their transforms by S. 

For example, 

S-'^ABS = S-'AEBS = S'^AS . S-'BS ; 
S-^ABCS = S-^AS.S-^BS.S-'CS; and so on. 

In pai-ticular 

S~^A^S = S-^AS . S-^AS = {S-^ASf ; 
S'^A^S = (S-^AS)^ ; and so on. 

The transform of the inverse of A by S is the inverse of the 
transform of A by S. 

For since 

S-^AS.S'^A-^S = S-^AA-'^S = S'^S = E, 
S-^A-^S is the inverse of S'^AS. 

It follows that S-^A-i-S = {S--'A-^S}K 

If a substitution A is of finite order n, so is any trans- 
form of A. 

For (S-^AS)" or S-^A^S = E if and only if A" = E. 
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Ex.1. Transform A^i-lx-iy-Qs, —2x-z, 6x+3i/ + 7g) 
by S=z(3x+2y + 4:e, —x-z, x + y + 2z). 
Deduce the order of A. 

{_S-'^=.(x-2g, x-\-2y-z, -x-y-ir2z). Hence by § 2 
AS=[~x—z, x + y + 2z, 3x + 2y + iz). 
and thence S''^ . AS = {y, z, x). 

The order of this is evidently 8, and hence A is of order 3.] 
Ex. 2. Show that the transform 
of (2y, x) by {2x-y, -3x + 2y) is (10x-\-7y, -Ux-lOy), 
of {x, 2j/, -z) by (x-y, 2x-y + z, 2x-2y + z) 

is {x—y + z, ix—z, 4x—2y + z), 
of (—x+y, —y, —z + w, —w) 

by (x + 3 + 2w, y-\-2z+u>, —x—2z—Sic, —y — 2z—2w) 
is (x—y + 2z-2u; —By-2w, ~2x + 2y-Sz + 3ic, 2y + ic). 
Ex. 3. The tiansform of {w^Xi, f^x^ + o^i^n •••> *m^i + '"»»! ^iJ 

V 0)2— u)i <"„,— '"i ^ 

is (ojiT,, aj^ajj, ..., <^,„xj. 
Ex.4, (i) Express A = (x^, x^, ...,ar„„ 613:1 + 62X2+... + e,„x,J 
in terms of new variables y^, y^, ■■■, y^j where 

(u) If £^(Cia;,„, e2^m + *l^jn-l) ■••> ^?n^m"f'^»i-l^m-l+ ••• +^l^l)i 

show that B-^AB = A'. 

[By §5, B-^AB is (CiX,,,, ea^^m + a-i, ..., e„x,„ + x„,_i), which 
is A'.2 

Ex. 5. If ^ =(X,+X2, X2 + a?3. •••• V-l+^m'^"') 

and .B = (— X1+X2— X3 + X4— ..., X2 — ^CiXg + ^CiX^ — , 

-x3+'cv4-%^o+-, -, i-n'^ni 

show that B-'^AB = A-\ 

Ex. 6. AB and £.4 have the same order. 

IB-^.BA.B=^AB.2 

Ex. 7. If the transforms of C by .4 and B are the same, BA ~ * 
and .4.8"^ ai-e permutable with C. 

Ex. 8. If B-^AB = Af-; B-fiA°'B^ = ^o"^^. 
[Use induction]. 

§ 6. Polos acd Characteristic-equations. 

Quantities A',, X.,, ..., X„ not all zero, such that 

XXf = anX^ + at^X„+...+af„X^ [t =1,2, ...,m) (i) 

are said to define &poleoiA. They are values of x^^x.^, ..., x„, 
making o^i' :<:... :fl;„' = Xj : a-, :...: x,„ 
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in the equations 

Xt=afiXi + at2X2+... + af^x^ (f = 1,2, ...,m), 

which define the substitution A. 

We are only concerned with the ratios of X^, X^, ..., X,„ ; 
i.e. two poles (X^,X^,..., X^) and {Z^,Z^,..., Z^) are not 
considered distinct if 

A'l : Z^ : ... : Z,„ = Z^-.Z^: ... : Z^^. 

Eliminating X^, X^, . 
we get 

a,,— \ a,, 



X^ from the m equations (i) 



fl(X) = 



a22 — X 



*m2 



.-X 



= 0. 



We call 6{\.) the characteristic-determinant of 4, and 
5(X) = the characteristic-equation of .4. Any root of the 
characteristic-equation is called a characteristic-root of A. 

A substitution has the same chai'acteristic-dderminant as 
any substitution into which it can he transformed. 

Suppose R = S~^AS ; it is required to prove that 



''^mjn"^ 



in-X 



''22-^ 



''ml *'m2 • • • ^'mm "■ 

In fact, since AS = SR we have by § 2 

Sii«]j + Si2«2; + ■ . . + Si,na,nj = ruSjj + ri^s^j + ...+ ri,^s^j ; 

and therefore by the ordinary rule for the multiplication of 
determinants 
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®21 



''2 m 



"ml 



"• mm 

1-^ '>'u 

1 ''22 " 



^'^22 — ^ 



,-A 



' 2OT 



To each distinct characteristic-root of A corresponds at 
least one pole. We now show that : — 

If we apply the substitution S to a pole of A, we get a pole 
of S~^AS coiTesponding to the same common characteristic- 
root of A and S~^AS. 

In other words, if (Xj, X^, ..., X^) is a pole of A, then 

(F,, Fj F,J is a pole of ^ = S~^AS corresponding to the 

same characteristic root, where 



F2 = 82, Xj + Sjj X2+ ... +S2OT X^ 

Fm = 8^1-^1 + 8^2 X 2 + . . . + Sjnm-^m 

For by § 5 if 

X/ = a,iZ, -l-a,2-^2 +. 

F/=8„X/ + 8,,Z/+. 



(") 




(( = 1,2, ...,m), 



then F/ = r,i F, + r<2 Fj + . . . + r<,„ F„. 

Now since (Zj, X^, ..,, X„) is a pole of -4, X/ = XX^. 
Therefore F/ = XF^, and (F^, Fj, .... FJ is a pole of R. 



We verify at once that A has (1, 0, 0, . . 
and only if Oji = agj = ... = a,„i = 0. 



0) as a pole if 
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It is evident that we can choose S so that S~^AS has 
(1, 0, 0, . . . , 0) as a pole. We have only to choose S to satisfy 
the conditions 

SiiXi + StoX2 + ... + St,n^„, = 0(t = 2,3, ..., m), 

where (Xj, X^, ..., X,J is a pole of ^. 

In fact, if A';;. :^ we may take 8, for instance, as 

^ kyl = -^k-l^k+XkXj^-i, X^'= -X^Xj^ + X^X^, 

^ k+l= -Xk+iXjc + Xj^Xj^^.^, ..., X,n =-X,nXj^ + XkX^, 

which has the determinant + Xj'".* 

We have now transformed A into S~^AS = R, where R is 
x/ = r^^Xi + r^^x^ + r^^x. + . . . + r„„a;.,„ | 

^t = 'TtiX^-^ri^x^-^ ...JrVi^x^i^ = 2,Z, ... ,'m)] 

If we now transform the substitution 

^/= ■^<2«i! + »'<3a'3+ ••• + ^<ma;m (« = 2, 3, ..., m) 
similarly, and repeat the process as often as requii-ed, we 
transform A into a substitution of the type 

X(^ = fcitiC, + \^X^ + iigOJg + . . . + Km^m \ 
X.2^ — »22'''a + "-23^3 + • • • + \m.^m 

X^ = KggaJg + . . . + K^m^yn 



which is sometimes called a normal substitution. 

An alternative method of transforming A into a normal 
substitution is the following : — 

Let {Zj^, Z.2, ...,Z^) be a pole of A' corresponding to a 
characteristic-root a of ^'. 

If ^m = ^1 «i + -^2^2 + • • • + ^m «,». f ,»' = af » by tbe definition 
of a pole. 

Hence the transfonn of A by 

^m =Z^x^^-Z^x^->^.,.^Z^ 



is of the type f 
x( = e^jcj + eijiij + . . . + ei ,„_i a-„_i + e. 



2«'2T ... -r/i<,„a!,n 



^m-l-«ni-ll'Cl + 6^-12 3^2+ ... + C,n-l ,«-i«m-i+ «,«-i m ^^i 



ax^ 



--JTiii at, + A, a;,„, which is of order 2, if X,' = 1. 
+ We assume Zm ,6 ; but there is no leas of generality. 
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We now transform 
<=%a!i + «<2^2+ — +«<m-ia:,„-i(^ = l. 2, ..., m-1) 
in a similar manner ; and repeat the process till A is trans- 
formed into normal type. 

Ex.1. Find the poles of (2 2/ + 5^, —z, —x+iz). 
[If (X, T, Z) is a pole corresponding to the characteristic-root A, 
-AZ-f-2r-)-5Z= -kY-Z= -Z-f-(4-X)Z=0. 
These give on elimination of X, Y, Z the characteristic-equation 

I -A 2 5 

' -A -1 =0, 01- {A-l)2(A-2) = 0. 

' -1 4-A 

Putting A = 2 we get 

-2X + 2r+5Z= -2Y-Z= -X+2Z = 0, 
which are satisfied only by X : Y : Z = i : —1 : 2. 
Putting A = 1 we get 

-X + 2Y+5Z= -Y-Z- -X-f3Z=0, 
which are satisfied only byX: Z:Z = 3:— 1:1. 

Hence there are two poles, (4, —1, 2) and (3, —1, 1).] 

Ex. 2. Find the poles of 

(15a;-4j/-164r, Vox-hy-\ioz, \.2x-%y-\2,z). 

[The poles are given by 
(15-A)X-4r-162=16a;-(5-f-A)r-16Z 

= 12Z-3r-(18-(-A)Z= 0. 

Hence the characteristic-equation is (A-t-l)^ = 0; and when we 
put A = — 1 these three equations all reduce to 4X— Z— 4Z = 0. 
Therefore there is a singly infinite number of poles {X, 4X— 4, 1); 
where X may have any value.] 

Ex. 3. Find the poles of ii = (x—y-^z, 4x—z, 4:X—2y + z). 

[The characteristic-roots 1,2, —1 give respectively the poles 
(1, 2. 2), (1. 1, 2), (0, 1. 1). 

To verify, notice that R=S^^AS, where A=(x,2y, -z), 
S = {x—y, 2x-y + z, 2x-2y + z). Applying the substitution S 
to the three poles of A, namely (1, 0, 0), (0, 1, 0), (0, 0, 1), we get 
the poles just obtained.] 

Ex. 4. Find the poles of 

{x + 2y, x), (3x + y-2z, 2x + By-Sz, ^x + 2y-Sz), 
(x-y+2z-2w, -3y-2w, -2x + 2y-Bz + 3w, 2y i w). 

[(i) A = 2 gives (2, 1); A = -1 gives (1, -1)- 
(ii) A = 1 gives (1, 2, 2). 
(iii) A = -1 gives (X, -2, 1-X, 2).] 
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Ex. 5. Find the poles of 

(cosoj. a;— sino).?;, sin w . x + cos u . i/), 
(eoso). X— sino) .y, — sin (o .a;— cos to. i/), 

(ocxi+x.^, ax^ + x^, ...,(xx^_i+x^, otxj, 

(^2) ^31 •••> •"'m' Sl'*l + *2*2+ ••• "r^OT ^mi- 
ni) \ = COS 0) + i sin (0 gives (i, 1); X = coso)— j sino) gives 

(ii) A = 1 gives (cos ^ co, —sin f w) ; A = — 1 gives 

(sin^^to, cos^t"). 

(iii) A = a gives (1, 0, 0, ... , 0). 

(iv) (A, A^, A^, ..., A»») where A is any root of the characteristic- 
equation A»" = Cj +62X4- ... +e„jA'»"i.] 

Ex. 6. Find the poles of 

x/= Xf + \ {C^X^ + 02^2 + ... + C^X^), (< = 1, 2, . . ., Ml). 

[The characteristic-equation is 

(A-l)'»-i(A-l-AaCi-V2---^».cJ = 0- 
The poles are 

(*1) *2I •••> y'J 

Ex. 7. Find the poles of 

a:/= « + 02* + . . . -f o„«) a;, - 2 o, (oia;i -I- o^aJa -f . . . -t- o^a; J. 
[The characteristic-equation is 

The poles are (X,, Z„, ... , ZJ where ajZ, + 02X2-t- ... -|-fl,„Z„,= 0, 
and (tti, Oj, ...,aJ.J 

Ex. 8. Find the poles of (a;„, x^.^ , ... , x^, x^). 
CA=+1.] 

Ex. 9. Find the poles of a cyclant substitution (see § 2, Ex. 7). 

[(i) Type I. If o)™ = 1, a^ + ajto+ajw^-i- ... +a^<o»»-i is a 
characteristic-root, and (co, <o*, ... , (o"*) the corresponding pole. 

(ii) Type II. ab is a characteristic-root and 

(a + b, w-^a+o)b, a>-^a + u>*b, ... , ut-^+^a + oo^-^b) 
the pole; where a denotes (ai-KX2(«)-f-a3Ci>*+ ... -|-tx,„a)»»"i)i and 6 
denotes ±{pii + a2ai~^ i-oc^to'^ + ... +a„a>-'>^-^^)i.2 

Ex. 10. Find the poles of 

(-2a;i-f 3^2, a;i-2x2-l-a^, ... , a:„,_2-2a;„_i-l-a;„, a;„.i-2a;J. 



[A = — 4co82^a gives (— sinma, -^8in»l— la, 

— sin »n— 2a, .,.,(— l)'»Bina); 
where {m+ l)a = rir, (r = 1, 2, ..., r»).] 
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Ex. 11. The product of the characteristic-roots of 4 is the 
determinant of .4, and their sum is 0]i + a22 + ... +a^^. 

Ex. 12. If (Xi, X^, ... , X^) is a pole of A coiTesponding to 
a characteristic-root a, and also a pole of S corresponding to a 
characteristic-root /3, it is a pole of AB corresponding to the 
characteristic-root oc^, 

[Transform the substitutions so that the given polo becomes 
(1,0,0, ...,0).] 

Ex. 13. If CB = A, the characteristic-equation of Cis 

Oii-X6„ ai2-A6i2 . . . fliM -A&i 
o^, — A?>2i O22 — A 622 ■ • • a^m—^b. 



= 0. 



[If x/=c,^x^+Cl2X2+...+Cf^x„^, then 

&a< + 6,2<+"-+&ft„V= atiXi + at,X2+ ...+a,^T,^. 
Now put /\X( for x/, Xf for Xg in these equations and eliminate 
■Xi, X2, ■■■, 3l„,.J 

Ex. 14. The characteristic-roots of a normal substitution are the 
elements of the leading diagonal in its matrix. 

Ex. 15. Transform into a normal substitution 
A={x-y+2z — 2w, — 3y-2«<7, —2x+2y-3e + 3w, 2y + w). 
[The characteristic-equation is (A -i- 1)* = 0. 
A pole of the transposed substitution is (0, 1, 0, 1). 
Transform therefore by B = (x, y, z, y-k-to), and we obtain 

{x-^y-\-2z—2w, —y — 2w, —2x—y—Bs + 3io, —w). 
A pole of the substitution transposed to 

{x+y + 2z, -y, -2x-y-3g) is (1, 0, 1). 
Transform therefore hy S= (x, y, x+e, w), and we get 
{—x + y + 2z — 2w, —y—2iv, —z + tv, —tc), 
which is normal. 

Since S'^{B~'^AB)S is normal, A is transformed into normal 
form by BS = (x, y, x + z, y + w).2 

Ex. 16. Transform into normal substitutions the other sub- 
stitutions in Ex. 4. 

Ex. 17. Find the condition that two given substitutions should 
have a common characteristic-root. 

[If the matrices of the substitutions are 



Oil *i2 "13 I J, 

«21 «22 «23 1 a°<^ -" 

"31 'hi *33 I 



O2I ^22 



) the condition is 



a„-6,i 


-612 


0,2 







"13 









-^21 



«31 


On -&22 


021 






«22 — 
-621 
032 


&1I 


"12 
-&.2 

0.22 -&22 






«23 



«33 — 


K 


«13 



"2:1 
-612 







aai 







«32 


-hi 




«33- 


6, 
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0, 



and so in general.] 

Ex. 18. Find the condition that two equations of the type given 
in § 13 should have a root in common. 

§ 7. multiplications, &;c. 
The substitution 

is called a multiplication. 

Any two multiplications are evidently permutable, and 
their product is a multiplication. 

The substitution 

ajj = ax^ , X2 ^ ttX2 , . • • ) x„i =^ aXfj^ 

is called a siTnUarity-substitution. 

It is evidently permutable with any substitution whatever. 
The product of two similarity-substitutions is a similarity- 
substitution. 

The substitution 

Xj'= a,a;„, x^' = a^x^, ... a;„/= a,„a;^, 

where ex, y9, ..., /i are the symbols 1, 2, ..., w in some order 
or other, is called a tnoiiomial substitution. 

If a, = ttg = ••• = «,„ = 1, the monomial substitution is 
called a permutation. 

The substitution of the type 

< =«iia;i +... + ai,a-g 
a-/ =aeia'i -f ...-t-a^e^« 



*/+/ = ^/l^e+l + • • • + V^e+/ 
^ e+/+l — Cni^e+y+i 4- .^ . -f- CigXg+^+^ 



I 



x 



e+/+g — ^gi ^e+/+i + • ■ • + (^gg^e+f+g 



will be called the direct product of the constituent substi- 
tutions 
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x( =_aiix, + ... +_a,ea:e \ x\^^ = h^,x,+^ + ... + b,fX^+f | 

< = aeia;i+ ... + «,,X5 J x'^+y. = ^/ia;e+i+ ... +?yya;e+^ j 

It will be noticed that no two of the constituents have a 
variable in common. 

If P is the direct product of A,B,C,..., then P'' is 
evidently the direct product of A^, B'',C^, ..., where k is 
a positive or negative integer. 

The characteristic- equation and the poles of P are at once 
written down when those oi A, B,G, ... are known. In fact, 
ii A, B,C, ... have characteristic-determinants 0i(A), ^2(^)' 
^3(^)1 •••> the characteristic- determinant of P is 

e^{K)xe^{x)xe^{\)x.... 

Again, if ^, B,G, ... have a common characteristic-root Xj, 
and the cori-esponding poles of A, B,G, ... are (X^jX^, ... , ^e). 
(Fi, F„ ..., F^), (Z^,Z„...,Zg),..., then the poles of P 
corresponding to Aj are 

(aZi,aZ, olX„ pY„ /SF^, ..., /3F^, yZ„ yZ,, ..., yZg, ...), 

any values whatever of the ratios a : /3 : y : ... being taken. 

If Aj is a characteristic-root of A and B, but not of G, D, ..., 
the corresponding poles of P are 

(aX„ ocX,, ...,ocX„ ^Fj, ^Y„ ..., /3F^, 0, 0, ..., 0, 0, ...); 

and so on in general. 

Ex. 1. The coeflBcients of a multiplication of order n are n-th 
roots of unity. 

Ex. 2. A substitution with 

(1,0,0, ..., 0), {0,1,0, ...,0), ..., (0,0,0, ..., 1) 
as poles is a multiplication ; and conversely. 

Ex. 8. If two coefficients of a multiplication are equal, the 
substitution has an infinite number of poles. 

Ex. 4. The coefficients of a multiplication are its characteristic- 
roots. 

Ex. 5. If any substitution is multiplied by a similarity, its poles 
are unaltered and its characteristic-roots are all multiplied by the 
same quantity. 

Ex. 6. The product of the coefficients of a monomial substitution 
of order n is an «-th root of unity. 

Ex. 7. A permutation is always of finite order. 

Ex. 8. The order of a direct product is the least common 
multiple of the orders of the constituent substitutions. 



28 CANONICAL SUBSTITUTION [18 

§ 8. 
A substitution G of the tj'pe 

is of great importance in the theory of substitutions ; for, as 
we shall prove in § 9, any substitution whatever can be 
transformed into the direct product of substitutions of this 
type. 

It has the characteristic-determinant (a — A)™. 

If (Zi, Xj, ... , Z^) is a pole, 

aZi= aZj + Zj, ..., aZ„_, = ofZ„_i-i-Z^, aX,„= aX,„; 

which give X^ = X3 = . .. = X„ = 0. 

Hence C has only one distinct pole (1, 0, 0, ... , 0), 
The ^•-th power of C is 

< = a'- x^ + '■Cia''-i;c3 + ''C^oci'-^x^ +... 

^3 = a'' a;^ + % a^-i 3:4 + ... 



1 fcr" «/>-»! +3 



a"^m 



as is at once proved by induction. 
For if we put 

aa-, + a!^ for a?!, ..., aa;„,_,+a;^ for x^_.^, ax^ for a:,„ 
in a*a;j-f-*'C,a^-'a-2 + ^(72a*-2a:3 + ... -|-*C„_,a«=-'»^ia-„, 
we get, using ^=+1(7, = ^C^ + ''G^_^, 

a^+ia", + *+iCia'a;2 + '='"'C2a''-^a:3 + . . . + ^•+i(7,„.ia''-'"+2ir,„ . 

Hence C is of finite order n, if and only if m = 1 and a is 
a primitive Ji-th root of unity. 

The inverse C'^ of C is at once verified to be 



x^ = a-^Xj-(X-^X2 + !X-^Xs-...+{-l)"''^^(X-"'x. 
a;/ = a-ia;2-a-''a;3-|-... + (-l)™+2a-7n+ia.^ 

V = a-'a;3-... + (-l)'»+Sa-'»+'-'a-, 



_m 



We suppose ICj = if <>fc. 
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We can readily verify by induction, that C"^ is 

cc/ = a-^a-i-*Cj._ja-''-ia;2 + ''+'Cfc_ia-''-='a;3-''+2Cj._ja-A:-3a;^+ ../ 

... + (-l)'»^+'»-3ajlia-'=-™+%, ^ 
... + (- 1)™-> ^■+"'-*Cj_ia-''-»'+3a;,, 



<= 



8. Canonical Substitution. 



We now prove the important theorem that, given any 
substitution A of degree m, we can find a substitution S such 
that S~^AS is the direct product of substitutions of the type G 
of § 8. On this account we shall call such a direct product 
a canonical substitution. 

The theorem is true when vi = 1. We shall assume it true 
for all substitutions of degree less than m, and prove that on 
this assumption it is true for any substitution A of degree m. 
The result will then follow at once by induction. By § 6 
A can be transformed so that (1, 0, 0, ... , 0) is a pole of the 
transform of A. Suppose this transform is 

x' = 6,1 ajj + h^^x^ + ...+b,^x^ ^ 

^t = Ot^x., + ... + bt,n^^{t = 2,3, ...,vi)l ' 

By the assumption A can be transformed so that 

^/=^<2^2+-" + ^m^m (' = 2, 3, .,., m) 
is in canonical form. 

Suppose that now A has been transformed into 

a;/ = aajj + a^x.^ + a^x^ + a^x^ + OgCCj \ ... 

x^=px^-yx^, x^'=^Xs + x^, Xi=^Xi, x^'= I3x^\'--^^J 

to take a simple example. The method is general. 

(a) Express this substitution in terms of new independent 
variables ii, x^, Xg, x^, x^, where 

ii = Xi + b^x., + b^Xy + b^x^. 
We then get 
^j' = x-i' + b^x^' + b^x^' + b^x^ = aaj + (a.^ + ^ 62) ^2 

+ {"a + &2 + ^ ^3) a^a +K + ^3 + ^^4) ^i + <^b^s 

= (xii + {a^ + fi-ab^)x, + {a^ + b.^ + ^-ab3)x3 



+ K + ^3 +^-a M ^'4 + <^6^5- 



30 CANONICAL SUBSTITUTION [19 

If then we choose b^, 63, 64 so that 

a., + ^ — ab2 = a3 + &2 + /3— c^a = a^ + b^ + /3-(xb^ = 0, 

A will be the direct product of a substitution on x^, x^, x^, 
and one on x^, x^. Each of these ^an be transformed into 
a canonical substitution by the assumption. Hence, since 
a change of variables is equivalentto a transformation (§ 5), 
the result is established. ^^ 

In the above we assumed /3 ^ oc. It is still necessary to 
discuss the case in which A has only one distinct charac- 
teristic-root. 

Suppose that A were transform6a not into (i) but into 

Xi = a.-Ci + 0^X2 + 03X3 + a^x^ + a^x^ + a^Xg + a^x., + a^Xg 

Xg' = aa;g + a^,., a;/ = aa;^ + 0^, x/ = CXX7 ; a;/ = a Xg 

taking again a simple example, but the method is general. It 
will be noticed that the constituejjts of the direct product 
into which 

xl = bt2X2+ ... +bt„x^ (/ = 2, 3, ..., m) 

was transformed are arranged so that the constituent with 
the greatest-number of variables comes first, that with the 
next greatest number second, and so on. 

There ai'e two cases to consider. 

(6) First suppose a^ = 0. 

Putting fj= Xi—a^x.2 — a^x^ the substitution becomes 

X3=(XX3 + Xi 

a;/ = ocx^^, x/ = ocx^ + x^, <= olx^ + x^, x^' = ofx, ; 

This is the direct product of a substitution on ^2, 333, a-^ and 
one on ^j, ajj. x^,x^,x^. Each of these can be transformed 
into canonical form by our assumption. 

(c) Secondly, suppose a^ ^ 0. 

Putting * 

ti. = <^t^i + a^Xi + a^x^ + a^ajj + a^x^ + a^x., + a^x^, 
iz= a^^z + a^x^ +a^Xg + agXj, 

* The reason of this transformation will be clear in Ch. V. 
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we get 

re/ = aajj + $^, £/ = a^^ + f,, ^/ = afg + ^^, f/ = af^ 
a;/ = ax^ + x^, x^ - a^s + a;,, a;/ = ax, ; aig' = o.x^ 
which is in canonical form. 

It will be noticed that we have tiansformed A into canonical 
form by a series of successive ti-ansformations. This is equi- 
valent to transformation by a single substitution (§ 5). 

In practice it is convenient to first transform A into a 
normal substitution (§ 6). 



Corollary I. 

A substitution A of degree m is transformable into a 
multiplication if and only if it has m poles 

such that 



-^21 -^22 



■^mi -^ j»2 






^0. 



First suppose the poles exist, and let P be the substitution 

!^t=^tl^l + ^t2'^2+---+^tm^m (t = 1. 2, ..., m). 

Let the poles correspond respectively to the chaiaeteristic- 
roots Xj, Ag, ..., X,„of J. 

Then we verify at once, using 

^i^ti — ati-^i» + «f2-^2» + ••• +"/m-^mj! 

that PA = MP, M being the multiplication 

a!j ^ AjAjj, X2 = AjXj, ,,.,Xjj^ = A,,„a;j„. 
Hence P~^ transfonns A into the multiplication M. 
Conversely, suppose P~^MP = A. Then M has the poles 
(1, 0, 0, .... 0, 0), (0, 1, 0, ..., 0, 0), ..., (0, 0, 0, ..., 0, 1). 

Therefore the corresponding poles of A are (§ 5) 

(Put P21> •••>PmV> (i'l2! P22» •'•'PmiJi '•• 1 \Plm> Plm^ •••'Pmml' 

and the determinant formed by these poles is not zero, since 
it is the detenninant of P'. 
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Corollary II. 

A substitution of finite order is transformable into a 
multiplication whose coefficients are roots of unity. 

For a substitution has the same order as any transform 
(§ 5), and therefore the same order as its canonical form. But 
by § 8 the canonical form is not of finite order unless it is 
a multiplication. 

Ex. 1. Transform 

(x-2y-2z, 2x + 3y + 4:g, -2x—y-2z) 
into a multiplication. 

[The poles are (1, 1, —1), (0, 1, —1), (—2, 0, 1) corresponding 
respectively to the characteristic-roots 1, —1, 2. 

Therefore by Corollary I the inverse o{{x—2z,x-iry, —x—y + z), 
i.e. (x+2y + 2z, —x—y — 2z, y + s) transforms the given substitu- 
tion into (x, —y, 2«).] 

Ex. 2. Transform into multiplications the substitutions of § 6, 
Ex. 3, 4 (i), 5 (i) and (ii), 6 to 10. 

Ex. 3. Transform 

A=(x-y + 2z-2w, —3y-2w, —2x + 2y-3z + 8w, 2y + to) 
into canonical form. 

[By §6, Ex. 15, K={x, y, x + z, ^ + «<>) transforms .4 into normal 
form {—x + y+2z—2w, —y — 2w, —z + io, —w). 

Considered as a substitution on z, to, it is already in canonical 
form. Considered as a substitution on y, z, w, it is the type (6) 
of § 9. We transform by L={x, y + 2z, z, w) and obtain 
{—x+y—2w, —y, —z + w, —w). 

This is again of type (6). We transform by 

M={x + 2z, y, z, w), and get {-x + y, —y, -z + tv, -w). 
Hence LM= (x + 2z, y+2z, z, w) transforms 

{—x + y + 2z — 2w, —y + 2w, —z + iv, —w) 
into canonical form. 

Hence A is transformed into the canonical substitution 
i-x + y, —y, —z + w, —w), 
by KLM = (3x + 2z, 2x+y + 2z, x + z, y + w).'2 

Ex. 4. Transform 

A={x + 2y—2z + 2w, y + e-2w, 2z-w, 2w) 
into canonical form. 

[.4 is in normal form. 

Applying § 9 (c), put u> = —w. Then A becomes 

{x + 2y—2z — 2co, y + z + 2o>, 2z + w, 2a)), 
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Applying § 9(a), put y = Y+a« + 6a>. Then 

Y' = y' -as' -W =Y+(l-a]z + {2-h)oi. 
Taking therefore a = 1 and 6 = 2, put ?/= Y + z + 2ti}, and A 
becomes {x + 2Y+2(o, Y, 2s + o>, 2a)). 

Put now as before a; = ^+cz + doi, and we find that we must 
take c = 0, d = 2. Then A becomes (^ + 2Y, Y, 2s + a,, 2 a)). 
Finally, put 2F=t/, and A becomes (| + »j, n, 2^ + u), 2a)), where 
^ = a; + 2t<', »j = 2^— 2^f4-4««, z = z, m——u\ Therefore A is 
transformed into canonical form by 

(a; + 2w, 2;/— 2^r + 4:«t;, z, —w). 

Ex. 3 and 4 illustrate the process given in § 9 for transforming 
A into a canonical substitution. A method which is perhaps 
easier in practice is given in Ch. II, § 5, Corollary III.] 

Ex. 5. Transform into canonical form 

(Sx+y-2z, 2x + 3y-Sz, ix + 2y-3z), 

(Bx + Sy+lOz + lOw, ix—y + iz+Qu; 

— 2x + 2y + s-w, —2y—4:2-Btv), 
and 

{—2zi—X2—X3 + BXi + 2Xi, —4:Xi+X2—x.^ + SXi+2x^, 
x^ + X2—BXi—2x^, —4,x-^ — 2x2—x^ + bXi-{-x^, '^Xi-\-x.2 + x^ — Bx^. 

C(« + y, 3/+^, 4 (x + y, y, -z + 'W, -w), 

and {-x-i + x.,, —x.^, 2x.^ + Xt, 2x^, 2xj).*] 
Ex. 6. Transform 

{axi + bx2 + cx3 + dx^+ ..., org + taJg + cr^ + ..., ax^ + hXi+ ..., ..., ax^) 
into canonical form if a ^ 0, b ^ 0. 

[Using (c) of § 9, we get as the transforming substitution 
(xi, bx.i + cX3 + dXi + ex^+..., h2X3 + Co_Xi + d.2X^+ ..., 

hx^+c■iX^+..., hiX^+ ..., ..., 6„,_ia-J, 

where (b + cx + dx^ + ei^ + . . .f =br+c,.x + d,.x'^ + e^xi^+ ....^ 

Ex. 7. Show that, if a linear substitution of degree m and 
prime order p has integral coefficients, m is a multiple of ^— 1. 

[The characteristic-equation 6 (A) = has one root which is 
a p-th root of unity. Hence the H. C. F. of 0(A) = O and 
AP~i + AP~^+ ... +A + 1 is not unity, and must therefore be 
X/'-i + AP-2+...+A+l.] 

Discuss the case in which p is not prime. 

Ex. 8. Show that the most general form of substitution of 
order 2 and degree m with characteristic-roots —1, 1, 1, ..., 1 is 

x/= xt + 'kt{c^x^ + c.2X.2+... + c^xj, 
where = 2 + kiCi + Lc2+ ...+l-^c^. 

[Transform ( — JTj, x^, x^, ..., x,„) by any substitution, and we 
get a substitution of the given type.] 

* See Burnsidc, Proc. London Math. Soc, xxx ^1899^, \i. 194. 
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§ 10. Symmetric, Orthogonal, . . . , Substitutions. 

Let A be the substitution 

x{ = ai^x^ + at2X.^ + ... + ai,nX,„ (t = 1, 2, ..., m). 

If all the coefficients a^ of A are real quantities, A is 
called real. 

If for all values of i and ; a^j = a^^, A is called symmetric. 
The determinant of A is symmetrical about its leading 
diagonal. 

If Uij — —aji (so that 0^= 0), A is called alternate and 
its determinant skeic- symmetric. 

If a,-- = dji (so that a^ is real), A is called Hermitian. If 
the Hermitian form ^a^jXiXj* is definite (Ch. Ill, §2), A is 
called a definite Herm,itian substitution.f 

If AA' = E, A is called orthogonal. Forming the product 
AA' we see that we must have 

V + a2i' + a3i'+- •• + ««/ =1 
«i.-«ii + <^2i<^2j +••'+ ami<^mj = (i # j) : 
Since A' is the inverse of A, we have also A' A = £", and 
therefore 



i)} <»> 



avia/i + OfjO/z + ■ . ■ + tti^aj^ = 0{i^ j) 



»\ M 



The equations (a') are, of course, algebraically equivalent 
to (a) and vice versa. 

I( AA'= E, A is called unitary. As in the case of an 
orthogonal substitution, we have 

«li»lt + <^2i^_2i + ■■■+ O'mi^mi =1 ) ,a\ 

«u»ij + (^ii<^2j + • . . + «,,„•»„,/ = (i gfc j) ) ^'^' 

and 

If A is rraZ, evidently ^-^ is real; and the product of two 
or more real substitutions is real. 

If A is sym,metnc, so is A~^, as is at once evident from § 3. 
The product of two symmetric substitutions is not, however, 
in general symmetric. 

* In ^afjXjXj i and j take independently all possible values from 1 to m ; 
so that SaijXiXj cantains m' terms. 

t Some authors confine the title ' Hermitian * to a ' definite Hermitian ' 
substitution. 
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Similarly if A is alternate or Hermitian* 
If A is orthogonal, so is A~^. For 

A-^{A-^y= A-'^A'-^ = {A' A)-'' = E. 
The product of two or more orthogonal substitutions is 
orthogonal. For instance, if AA' = E and BB' = E, 
{AB){ABy=AB.B'A'= AA'=E. 
Similarly if ^1 is unitary. 

The transform, of an orthogonal substitution by an ortho- 
gonal substitution is orthogonal. 

For if S and A are orthogonal, S~^ is orthogonal ; and 
therefore 8~^A8 must be orthogonal, being the product of the 
three orthogonal substitutions S~^, A, S. 

Similarly, 

The transform of a unitary substitution by a unitary 
substitution is unitary. 

If A is symmetric and B is any substitution, B'AB is 
symmetric. 

For the elements in the i-th row and j;'-th column and in the 
J-th row and i-th column of the matrix of B'AB are respectively 
(§2) 

2 bi„a„b.^ and 2 h„a„bi^ = 2 bj„a^„b^^ = 2 birarJ>j„, 

which are identical. 

If B is orthogonal, B' = B~^, and hence : — 

The transform of a symmetric subditution by an orthogonal 
substitution is symmetric. 

Similarly, if A is Hei'mitian, B'AB is Hermitian, and 

The transform of a Herrnitian substitution by a unitary 
substitution is Hermitian. 

Similarly, if A is alternate, B'AB is alternate, and 

The transforrn of an alternate substitution by an orthogonal 
substitution is alternate. 

If a substitution A has two of the properties (i) being real, 
(ii) being orthogonal, (iii) being unitary, it has the third. 

For example, suppose A is real and orthogonal, then A'= A' 
and A A' = E, therefore AA'=: E. 

* We assume tliat tho determinant of the substitution does not vanish, 
which cannot be the case for an alternate substitution of odd degree. 
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Similarly, 

If A has two of the 2)roperlies (i) being symmetric, (ii) being 
orthogoiud, (iii) being of order 2, it has the third. 

For example, suppose A is symmetric and of order 2. Then 
A = A' and A'' = E. Therefore AA' = E. 

Similarly, 

If A has txuo of the properties (i) being Hermitian, (ii) being 
unitary, (iii) being of order 2, it has the third. 

Ex. 1. If A is orthogonal, the determinant of -4. is + 1. 

[The determinant of AA'= the product of the determinants 
oiA and A'= the square of the determinant of A. Therefore the 
square of this determinant = the determinant oi E= 1.] 

Ex. 2. If A is unitary, the determinant of A has unit modulus. 
[As in Ex. 1.] 

Ex. 3. If (Yj, Tj, ..., rj is the pole of S''^AS corresponding 
to the pole (Zj, Xj, ... , X„,) of A, and S is orthogonal, 
then Ti^ + r^^ + . . . + r„2 ^ Zi^ + Z/ + . . . + XJ. 

[Square and add equations (ii) of § 6.] 

Ex. 4. If S is unitary in Ex. 3, 

Y] l'"i + ^2^2+ •■• + ^m^m — Z,Zi + X2X2+ ... +X^X„,. 

Ex. 5. If (Zj, »i], Mj), (?2, W2, «2)! ('3' *'*3> '^s) *i'® *^* direction- 
cosines of three mutually perpendicular lines, the substitution 

is orthogonal. 



liose matrix is 
As an example, 


3, wji «i 

?2 W2 «2 
'3 '**3 '*3 

consider 


is c 


Ba; + f 


2/ + !^, I^ + I 


y-i 



Ex. 6. The most general orthogonal substitution of degree 2 is 
(coso). a;— sin 0) . «/, + sin o) . a; + cos o) . y). 

Ex. 7. The substitution obtained from a given orthogonal 
substitution by permuting any two rows or columns in its matrix 
is also orthogonal. 

Similarly for a unitary substitution. 

Ex. 8. A multiplication is unitary if its coefficients have unit 
modulus. 

Ex. 9. The substitution of § 3, Ex. 7 is orthogonal. 
[It is symmetric and of order 2.3 



110] 



SUBSTITUTIONS 



37 



Ex. 10. Prove that the substitution with matrix 

1 + X2_^2_y2 2{\fl + v) 2(v\-iJ. ) 

K K K 

2(AM-r) l-X^ + iua-ya 2(nv + \) 

K K K 

K K K 

where k = l + \^ + y} + v^ 

is orthogonal ; and find its characteristic-roots and poles. 

[1 andi(2-K + 2v'l-Kj; 

(A, /x, v) and (\v + fj.Vl — ii, ix.v±\V1 — k, — X^ — h^).] 

Ex. 11. If Xt'= atXl + btX2 + ClXg + dfX^ + ejX^ {t= 1, 2, 3, 4, 5) 
is orthogonal, any two of the five spheres 

cut orthogonally. 

Show how to obtain similarly a system of four mutually ortho- 
gonal circles in a plane. 

Find the circles when the orthogonal substitution is 

i 3 5i 

i 7 , 

ixi + tx^— -^X3+ ja;J. 

Ex. 12. If {0x^ + 1x2 + 0X3 + dXfi ..., ax2 + iXj + cx^+ ..., 

ax3 + bXi+ ) 

is orthogonal, a^ = 1, 6 = c = d = ... = ; and if it is unitary, 
|a| = 1, 6=c = d= ... =0. 

Ex. 13. If the real symmetric substitution A transforms the 
unitary substitution U into another unitary substitution, U is 
permutable with A'^- Similarly if [/"and A'^UA are orthogonal. 

lA-^UA .A'WA'=E gives UA^ = A'^U, since A=A'=A 

and Un'=E.'} 

Ex. 14. The characteristic-roots of a unitary substitution have 
unit modulus. 

[If (Xi, X2, ..., XJ is a pole of ^, 

SAAXiZf 

= 2X,X,. .-. a"a = 1. 



/ . 1 « ,1 



3- 2 •"4. *2-r 2 •'■3-2*41 ^l+*2-7^3— T*4» 
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Ex. 15. If (X„ Za. •••> ^m) is a pole of an orthogonal sub- 
stitution corresponding to a characteristic-root other than + 1, 

[As in the last Example.] 

Ex. 16. If (Xi, X„ ..., XJ, (T,, T„ ..., YJ are poles of 
a symmetric substitution corresponding to distinct characteristic- 
roots, X^Ti + XiY^+...+X„Y,„ = 0. What is the similar 
theorem for a Hermitian substitution ? 

Ex. 17. Express {ax^ + x^, ax^ + Xa,..., 0(x^.i + x^, ax„) as 
the product of two symmetric substitutions. 

[(«m. a«m-l+^m. -jOCX^ + X^, OCX^+X^) 

and {x^, x^^i, ..., x^, x^.J 

Ex. 18. Find a symmetric substitution of degree 2 with 
(1, i) as pole. Show that its characteristic-roots are equal,' and 
that it cannot be transformed into a multiplication unless it is 
a similarity. 

[The most general substitution is 

(2ax + (a—b)iy, {a—b)ix + 2hy).2 

Ex. 19. The coefficients of the characteristic-equation of a 
Hermitian substitution are real. 

Ex. 20. How far will the definitions and results of § 10 hold if 
the determinant 1 a I of Jl is zero ? 



§ 11. Invariants. 

Suppose /(iCj, x^, ..., x^) a function of Xj, x,^, ..., x^ such 
that 

/(a;,, Xt,..., xj =f(a,^x, + a^.,x,+ ... + a^^x„„ 

for all values of x^, x^, ..., x^. 

Then /(ajj, Xj x„^) is called an invariant of the substi- 
tution A 

The equations (a) of § 10 show that 
x,^ + x,^+...+x^'' 
is an invariant of .4, if and only if A is oi'thogonal. 

If fix^fX^, ..., a;,„) is an invariant of A and of B, it is 
evidently an invariant of AB. Hence the product of ortho- 
gonal substitutions is orthogonal, as proved before. 
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If PAP~^ = B, and f{x^, x^, ..., x^) is an invariant of 
A, then 

fiPn'^l+Pl2^2+ ■•■+Pim^m^P2l^l+P22^2+ - +P2m^m> 

,„ •-•' Pml^l'^Pm2^2+ •••+Pmm^ml 

18 an invariant of B. 

Since P-^BP = A, the equations 

yt'=Ptv>^i'+Pti< + '■'+Ptm< (« = 1, 2, ... , m) 

Vt =Ptl^i+Pt2^2 +-+Ptm<^m ) 

give by § 5 

2//= a<i2/i + «tt2/2 + --+a<m3/<« (* = 1. 2, ..., m). 

Hence f{y^', y/, ... , yj) =f{y^, y^, ..., yj 
or 

f(Pll<h'+Pn^a^+ ••• +Pvn<B,n\ - . P».i<+ -• +Pmm^,n) 

= /(Pll^l + -" + ?'lm^);»> •••' Pml^l+ •••+Pmm^m)' 

where x/ = bf^Xi + ft^^a;;, + . . . + bi^x,^, 

which proves the result. 

If 

/(V. ■••,xj, x/, ..., ^m') =f{Xi, ...,»,„, Xj, ..., SJ, 
where 

/(ajj, ..., a; , Xj, ,.., a;,,,) is usually called an invariant of A ; 
though perhaps it would be more correct to call it an in- 
variant of the substitution of degree 27nonXi, ...,x^,Xi,...,x„ 
defined by the equations (i). 

The equations (/3) of § 10 show that 

is an invariant of A, if and only if A is unitary. 

Since PAP~^ = B gives PAP~^ = B, we get by considering 

/(xj, ...,x„,x^ 5„) as an invariant of the substitution 

(i) of degree 27JI : — 

If PAP~^ = B andf(x^, .,.,x^,Xj, .. .,»,„) is an invariant 
of A, then 

f(Pll^l'^-"'^Plm'''ia' ••'> Ptnl^C^ •••'^Pmm^m' _ 

PuX^+... + Plvi^m Pml^i+ — +P7nm^vi) 

is an invariant of B. 



< = a„x, + a,,x,-f.... + a,„x,„ j ^ _ 
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If 

fv^ll^l + '^w'^a + . ■ . + O'lm^mi "21^1 + O^ai^i + . . . + 0-2m^m> 

for all values of Xy,x^, ..., a;,^ (where fc does not involve 

ajj, a!j, ...,a;„,), then /(a;^, aig a;,„) is sometimes called a 

relative invanant of j1. 

An invariant for which ^ = 1 is then called an absolute 
invariant. As before explained, the word 'invaiiant' will 
denote an ' absolute invariant ' unless the contrary is stated. 

Ex. 1. lXXlX^—a.~^x^X2 is an invariant of 

{(XX1+X2, (XX^, OC'^X.^ + X^, (X~^X^). 

[If we operate with the substitution on (XXiXi—a'^x-^x^ we get 
(x{(XXl+x^){(X~'^x^)—cx-'^{(X~^X3 + x^){(XX2) = (XXlX^—cx'^X3X2.2 
Ex. 2. (i) y^—ye—2xg is an invariant of (x+y, y + e, e); 
(ii) Xg'-' + X3X^ + X3XS + 2x-iX^ — 2x^x^—Zx2X^ 

of {-Xj + Xa, -x^ + x^, -x^ + Xi, -Xi + x^, -Xs); 
(iii) Xiy^^i-x^y^g^ + ^iVi ^2 -^a^i^j + Xiya^i-Xsy^ei 

and -X3y2^2 + X3y^Z3 + X3y.^Zi + x.2y.iZ.^ 
of Xi'= a (Xi + a;^), 0:2'= aa;^, 2>/= /3 (y^ +y^), y^= i3y^, 

where aj3y = 1 ; 

(iv) —2x.iXi + x^x^ + XiX^ + 2xiX^ + 2x^x^ 

of (iTi + aJa, a;2 + a;3, a;^, aj^ + a;^, a;g + a;g, a;6). 

Ex. 3. The substitution {OLX+y, ocy) has no algebraic invariant 
other than ao + aiy+a2y^ + a.^y^ + .... In what cases is this an 
invariant ? 

Ex. 4. The number of linearly independent algebraic invariants 
of order A; of ^i is equal to the number of such invariants of any 
transform of A. 

Ex. 5. Find the linear relative invariants of A . 

ZZ1X1+Z2X2+ ... +Z,„x„,; where (Zj, Z^, ..., ZJ is a pole 
of A .J 

Ex. 6. Find the conditions that Xj^+X2^+ ...^x,^'' should be 
a relative invariant of A, 

Ex. 7. If A is orthogonal, ^PijXiXj(i, j = 1, 2, ..., m) is an 

invariant of BAB'^ ; where P is the substitution BB'. 

Ex. 8. If mod. a = 1, aaijiCg— aa;2^i is an invariant of 

(aaJi + Xa.aa;^). 

[If we oi>erate with the given substitution on (Xx^x^—olx^Xj) 
we get 

a (a a?! + XjJ (a ;ra) - S (a a;^) (a i^i + i^a) = aa (a a;i iPjj - ot Xa if ^) 

= a.x^ii—ot.x^ii.'^ 
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Ex. 9. If 

is an invariant of 

Xi'=0LX^ + X2, X2'=(XX.^ + X3, X./=(XX3, «/,'= ,32/1+^2, 

Ex. 10. A substitution with 



"1 



+ a;/+-"+^m^ and K!>:i-ri+>^iX^^.i+ ■■■■ir\nX,^x„ 



as invariants, where Aj, Aj, ..., A,„ are real, is a real orthogonal 
substitution. 

[See Proc. London Math. Soc, 2, xii, p. 92.] 

Ex. 11. The two theorems of § 11 hold for relative invariants as 
well as for absolute invariants. 

Ex. 12. Trace the connexion between invariants or covariants 
of a quantic and relative invariants of homogeneous linear sub- 
stitutions. 

[Suppose the quantic agXy^ + 2aixy + a2y^ becomes 
ao'x''' + 2a^'xy + aiY^ 
when we put a; = Zia;' + miy', y = l2x' + m,^y'. Then any co variant 
of the quantic may be considered as a relative invariant of the 
substitution in the variables tto, a^, a^, x, y, 

a./=Wi^ao + 2»»i»»2aj + »»2^<*2' x = li3f + miy', y = l^x' + m^y' ^ 
Show that the determinant of this substitution is a power of the 
determinant of the substitution x'=l■^x + m^y, y' = l.^x + m^y ; and 
extend the result to the general case of a g-ary p-ic."} 

§ 12. Hermitian, Real Symmetric, or Real Alternate 
Substitution transformable into a multiplication. 

A Hermitian substitution can be transformed into a 
muUiplicatUyn by a unitari/ substitution. 

This is true when the degree m of the Hermitian substi- 
tution A 

Xt = a^, a;i + a,2 0:2 + • • • + «<;» ^\>i (where Oy = dji) 
is unity. We assume it true for all Hermitian substitutions 
of degree less than m. We then prove it holds true for A ; 
and the result will follow by induction. 

Let (X^, X^, ..., X^) be a pole of A. Since we are only 
concerned with the ratios of X^, X^, ..., X,,^, we may suppose 
Zi real, Z. + l^tO, and Z,Z, + Z,Z,+ ... + .r,„Z„,= 1. 
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Consider the substitution P with matrix 

Xj X^ Xg . . . A„ 



x,x, , x,x, x,x,. 



X, 4:^^-1 



'2 



Xi+1 Zj + 1 • ■ ■ Xi + 1 

X3X2 X3X3 ^.1-^iit 

^' xTTl x, + i ■ • • x, + i 



'3 



..(i) 



Y ^ 111-^2 -^111X 3 -^IH-^l" _ I 

'" Z, + l Zi + 1 ■ ■ ■ x^+i 

We readily verify that, since Xj is real and 
ZiXi+...+X^Z„ = 1, 
the equations (/3') of § 10 are satisfied and therefore P is 
unitary.* 

Again, the pole of P-^AP corresponding to the pole 
(Zi, Z„ ..., ZJ of ^ is (1, 0, 0, ..., 0) by § 6(ii). 

Hence if P'^AP = B, ft^j = 63^ = ... = 6,„i = 0. 

But since A is Hermitian and P unitary, B is Hermitian 
(§ 10) ; so that 6j2 = 613 = . . . = \m = ^• 

Hence P'^AP is of the form 

a;,'= AjXi, X2'= 6;i,a;2 + &<3a;3+... + 6,„a;,„{( = 2, 3, ..., m). 

Now by our assumption we can find a unitary substitution Q 
transforming the Hermitian substitution 

x/ = bt^x^ + 6,20:3 + . . . + bt„,x^ (« = 2, 3 m) 

into a multiplication x/ = X,a;, (< = 2, 3, ..., m). 

Therefore Q"^ {P-'^AP)Q is the multiplication il/ 

and A is transformed into M by the substitution /S = PQ, 
which is unitary since P and Q are unitary. 

Since S~'^AS = ilf, while A is Hermitian and S unitary, 
il/is Hermitian. Therefore Aj, X^, ..., A,„ are real. Hence 

All the characteristic-roots of a Hermitian substitution 
are reed. 

A real symmetric substitution -4. is a particular case of 
Hermitian substitution, and therefore its characteristic-roots 
are all real. It follows at once from the definition of a ' pole ' 

* It is also evidently Hermitian, and therefore of order 2. 
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(§ 6) that if iX„ Z„ .... XJ is a pole of A, X„ X„ ..., X,, 
may be considered real. In this case P will be real and 
orthogonal (since a real unitary substitution is orthogonal 
by § 10). In fact the matrix of P becomes 

^1 ^2 ^s ... X,„ 

X ^^ — 1 ^'^ ^^ -^2-^ 



X. 



Xj + l X, + l • • • Xj + i 

X^+l Zj+i • ■ Xj + l 



Y ni 2 -''- m ''- 3 -'^m -i 

^^^ X, + l X,+ L • • • Zi+1 ' 



'm 



.(ii) 



where X,^ + X^^+...+ X J = 1 . 

Hence 

A real symmetric substitution has all its characterittic-roots 
real, and may be transformed by a real orthogonal substitution 
into a real multiplication. 

Again, suppose ^ is a real cdternate substitution. Its degree 
must be even, if its determinant does not vanish ; for a skew- 
symmetric deter|^nant of odd order vanishes. 

Then TA is Heraitian, where Tis the similarity substitution 

We can find then a unitary substitution P such that 
P-^.TA.P = M, where il/ is a real multiplication. This 
gives P-^AP = P-i r-ip . J/. But P-i T-'P = T'^ ; so that 
P~MP= T~^M, which is a multiplication, whose coefficients 
are pure imaginaries. 

Hence 

A real alternate substitution has all Us characteristic-roots 
pure imaginaries, and may he transformed by a unitary 
substitution into a multiplication ichose coefficients are pure 
imaginaries. 

Ex. 1. The substitution A with matrix 

312. 106 so 

1 225 225 225 

lOS \i2_ 190 

~225 225 225 

_80_ 190 275 

225 225 225 

has a pole (— |, -|, — |) corresponding to the characteristic-root 2. 



44 



HERMITIAN. REAL SYMMETRIC 



[112 



It is transformed by the orthogonal substitution P with matrix 



into the substitution with matrix 
2 



— -i- 

" 25 



. 24 
25 



I 



2 

3 

2 

3 

1 
3 



24 
T5 

7 
25 



This has a pole (0, f , — f) corresponding to the characteristic-root 1, 

and is transformed by Q = {x, f »/— |^, —iy—i^) ''^to (2x, y, —z). 

Therefore A is transformed by the orthogonal substitution PQ 

with matrix 



into (2 a;, y, —z). 



10 
15 
11 
15 

2 

1 5 



5 
15 

2 
TT 

i* 
1 5 



12. 

15 
10 
15 



Ex. 2. Transform into a multiplication the symmetric substitu- 



tion with matrix 



Ex. 3. Given a substit ution B, find a unitary substitution A so 
that CC is a real multiplication, where C = AB. 

£A'''- is the unitary substitution transforming the Hermitian 
substitution BB' into a real multiplication.] 

Ex. 4. A skew-Hermitian substitution A for which a^ = — a,,- 
has all its characteristic-roots pure imaginaries, and can be trans- 
formed into a multiplication. 

£SA is Hermitian, where S =. {ix-i, 1X2, ix^, •••)•] 



§ 13. 

The result that a Hermitian substitution (and in particular 
a real symmetric substitution) has all its characteristic-roots 
real is so important that wo give another proof. The result 
is evidently a particular case of the following theorem : — 

The equation 



\a-Kb\ = 



a,i-A6ii, 



-\b. 



21' 



a,2— X6,2, 

<'22~^"22' 



•2m ^"2ni 



"ml — ^^ml' 



«m2~^^m2' 



'^mm ^^mm 



= 
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has all its roots real, if a^j = dj^, b{j = 6-,-, arid one or other 
of the Hermitian forms Sa^a^a;., Sft^Sva;* is definite, 

i.e. does not vanish for any values of x^, x^, ..., x^ not 
all zero. 

If we take 2 bfjibiXj = x^Xi + x^x^ + ... + x^x„^, we have the 

fact that the characteristic-roots of the Hermitian substi- 
tution A are all real. 

Choose Xj, X^, ..., X„^ to satisfy 

= kitt,X, + b,,X,+ ... + ht^XJ {t = 1, 2, ..., m). 
This will be possible if \a — X.b\ =0. 
Then ^a^jXiXj = SX^ {ai^Xy^ + ai^X^+ ... + ai„,ZJ 

Now since a^jXiXj and UjiXjX^ are conjugate complex 
quantities, ^a^jX^Xj and similarly ^bfjX^Xj are real. 

Hence X is real, since by hypothesis Sa^- X^Xj and Ib^jX^Xj 
are not both zero. 

If a^j is always real, ^.a^jX^Xj will be definite whenever 

the real quadratic form ^a^jX^Xj is definite, i.e. does not 

vanish for any real vajues of x^, x^, ..., x^ not all zero. 
For if x,= if + ixii , 2 a^^- x^Xj = Sa^^. f,.^. + 2 a,y r;,.7,j. ; ^, , 7,< , Oij 
being real. 

Similarly if b^j is always real. 

Ex. 1. Show that |a— A.Z>| = has not necessarily real roots 
if neither ^a^jX^Xj nor ^b^jX^Xj is definite. 



[For instance, consider 


^ _^ =0; for which 


Xi=l,X,= -i.] 


Ex. 2. If both ^a^jX^Xj and Ih^jX^Xj are definite, the roots of 


a — A6 1 = have all the same sign. 


Ex. 3. Deduce from § 13, that 




X a he... 






-a X d e . . . 






-b -d X f . . . 


= 




—c —e —f X . . . 





has purely imaginary roots, if a, b, c, d, e, f, 
[Multiply every row by i.] 

* See footnote, p. 34. 



are real. 
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Ex. 4. Through the curve of intersection of an ellipsoid S with 
another conieoid S' three real paraboloids can be drawn. 

[Let the cones joining the origin to the infinitely distant points 
on S and S" be 

F=ax^ + bif + C0^ ^■2fyz + 2gzx + 2 hxy = 0, 
and F'= a'x^ + feV + c'a^ + 2 f'ys + 2g'gx + 2 h'xy = 0. 

Then S-i<S'= is a paraboloid if F-XF'- is a pair of 
planes, i.e. a - A a' h-\h' g-^g' 

ji-Kh' b-\b' f-\f =0. 
g-Kg' f-\f c-XC 

The roots of this equation are real if F is always positive.] 

Ex. 5. An ellipsoid and a concentric conieoid have a real trio of 
common conjugate diameters. 

§ 14. Transformation of a Unitary Substitution into 
a Multiplication. 

A unitary substitution A can be transformed by a unitary 
substitution into a multiplication. 

Let (Xj, Z^, ... , XJ be a pole of J. as in § 12. Then if P 
is the substitution with matrix (i) of § 12, P'^AP = B is 
unitary, since the transform of a unitary substitution by 
a unitary substitution is unitary (§ 10). 

Now, us in § 12, b.^^= b^i = ...= 6„i = 0. 

Therefore, since B is unitaiy, so that 

bnbu + b^At+--- + K^mt =0 (^ = 2, 3, . . . , m), 
we have ^12 = ^13 = • • • = ^im = ^• 

The argument now goes on as in § 12. 

Corollary. 

The characteridic-roots of a unitary substitution A have 
unit modulus. 

For the multiplication into which A is transformed by 
a unitary substitution is unitary ; and the m coefficients of 
the multiplication are the characteristic-i'oots of A. 

Ex. Transform the unitary substitution 

x'= (j co3''(j) — Bin'^(f>)x + {l + i) sin (^ . cos 4> ■ y, 
^' = (1 + i) sin (^ . cos <^ . a; + (j sin^<^ — cos^ (|)) y 
into a multiplication. 

[The substitution has a pole (sin(^, — cos<|)) corresponding to 
the characteristic- root —1. Therefore the substitution 

(sin . a; — cos </) . 1/, — cos ^ . x— sin</). 1/) 
transforms it into a multiplication ( — a?, %).] 
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§ 15. Canonical form of a Eeal Orthogonal Substitution. 

A real orthogonal substitution A can be transformed by 
a real orthogonal substitution into the direct product of 
substitutions of the three types 

(i) x' = X, (ii) x' = —X, 
(iii) X = co&d .x — s,inQ .y\^ 
y = sin 6.X + cos 6 .y)' 
Suppose A is 

< = a„a;i + a,2a-2+...+a,„a!„, (1!= 1,2, ...,m), 
and that {X^, X^, ..., X^) is a pole corresponding to the 
characteristic-root A.. 
Then 

_. . . + {a^,X, + a^,Z, + . . . + a^,,X,,f = (Z^^ + Z/ + . . . + XJ), 
since A is orthogonal. 

Hence either X^^ + X^^ +...-{■ X J = or A^ = 1. 

The above theorem is true when m = 1. Suppose it true 
for all values of m less than the one considered. 

(1) Let A have a pole {X■^, X^, ..., Z^) for which 

Z/ + Z3='+...+ZJ^0. 
Then X.^ = 1, and from the delinition of a pole in § 6 we may 
suppose Zj, Zg, ..., Z^ all real and such that 
Z,2 + Z,='+...+Z„^ = l. 
Take P as the orthogonal substitution with matrix (ii) of § 12. 
Then P-^AF = B, where 621 = 63, =...= 6„,i = 0, as in § 12. 
Since P and A are real and orthogonal, so is B. 
Hence 
V + V + ---+^>a'=l and h^^b^^^\^b^^ + ...+b,,,^b^t=Q 

(f = 2, 3, ...,m); 
so that 6ji= + l, &J2= &l3 = ••• = ^lm = 0• 
Therefore ^ has been transformed by the real orthogonal 
substitution P into the direct product of x^ = + a^j and of 
x; = bf^x.^ + bi^x^ +... + bf^Xj^ {t = 2, 3, . .. , m). 
But by hypothesis the theorem is true for this last substi- 
tution of degree (m— 1). 

Hence by induction as in § 12 the theorem is true for A. 

(2) Let A have no pole (Zj, Z^, ..., Z„) for which 

Xi' + X^^ + ... + XJ:^0. 
Then it is impossible for Zj, Zg, ..., Z,„ to be all real. 
We may suppose ZjZi-hZ2Z2+ ... -t-Z^Z„j = 2. 

Let 2pi,= Xi + Xf, Upi^^Xi-Xi {t = 1, 2, ..., m). 
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Then p^^^ ^p^^'' + ... +2?,„i^ = />,/ +p^^ + ... ■¥p„ii = 1, 

PnPli +Pilp22 +■■■ +PmlPm2 = 0. 
Choose real quantities p-^^, p^, ..., p^^ to satisfy 

PK+P23' + --+Pm3'^= ^ 
Pll Pu +PilP23 + --+Pml Pms =PuPxz +P22P-2A + • • • + PmiPmi = ^■ 
Then choose real quantities p^^, ^^24. •••>Pim ^° satisfy 

Pu+P2i''+---+P„H= 1. 

Pn Pu + P'2l Pu + • • • -^Pml PmA, = PuPu + PiiPn + • • • +Pmi PmA 
= PuPu+PnP-i-^ ■'•+PmzP,rH = 0. 

and so on. 

The determinant /)j, . . . /j,,^ 



Pml • ■ • Pmm 
of the real orthogonal substitution P 

^t = Plfl+PuXi+ -+PtmXm {t = l,2, ...,m) 

obtained in this way will not vanish, for its square is unity. 

Let PAP-^ = D, where D is the real orthogonal substi- 
tution a;/ = df^x^+dt^x^ + ...+dt„,x^ {t = l,2, ..., m). 

Then by § 6 (ii) D has (1, +i, 0, 0, ..., 0) as poles corre- 
sponding to the poles (Zj, X^, ...,XJ and (X,, X^, ...,XJ 
of A , and hence 

But, since D is orthogonal, 

rf,irfi2 -I- d^^d^, + ... + d^^d„,^ = 0, 

^udn + d2i<^hy. + ••• +^m«<^m = d^tdi^ + d.^id.,^+ ... +d,„td„,^ = 

(i = 3, 4, ...,m). 
By (i) these reduce to 

d„* + d.i' = d^.,^ + d^^=l, d,id,, + d,,d^, = 0, 

^hAi + ditdii = di((?]2 + '^2<<^22 = ; 
which give readily 

dji = cos e, rf,2 = — sin 0, 
and either 

da, = sin e, 0^22 = cos B or cZji = - sin 0, dj^ = - cos 0. 
But the latter alternative is impossible, for then PAP-^ 
would have a pole {7^,Y^,...,YJ, where 
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Fj = cos 



e 



Y,= 







a;, = COS - . Xi— sin ^ . x. 



into 



-sin^, F3=F, = ...= F,,= 0; 

so that Fj2 + F2^ + ...+ F,„2=l. 

Now by § 6 (ii) 

^t=Ptl'Yl+Pti'Y2+---+Ptm'Ym{t= 1. 2, ...,m), 
and, squaring and adding these m equations, we get 

F/+F2*+... + F„2=Xi'' + J,2+...+AV, 
which is zero. 

In fact 

Xi = cos5.a;i — sin^.a;^, x^' = — sin^.a^— cos 6 .x^ 

is transformed by the orthogonal substitution 

e .6 , ■ 6 

Cj— sin 2 . x^, x^ = sm - . Xj + cos - . x^ 

x^ = ajj , X2 = x^- 
Hence A has been transformed into the direct product of 
the real orthogonal substitutions 

ajj' = cos 0.X1 — sin 6 .x^, xl = sin Q .x^-^ cos Q .x^, 
and x{ = di^Xs + rf^^a;^ + . . . + rf^^^^m (< = 3, 4, . . . , to). 
The proof by induction is now completed as in (1). 
Corollary. 

A real orthogonal substitution is transformable into a 
multiplication. 

It is sufficient to show that 

0;/= cos^.a?! — sin^.cCa) ^i= sin fl . a^j + cos . ajg 
is transformable into a multiplication ; which is the case by 
§ 9, Corollary I, since it has the two distinct poles (1, ±i). 

Ex. 1. Transform x'=y, 'if=z, ^= x into canonical form. 
[A pole corresponding to the characteristic-root 1 is 






Hence if P has the matrix 
1 






V3 

-^/3-l 

2v'3 

-v/3-1 

2'/3 



1 

■•3-1 

2-/3 

-^/3-l 

2"/3 



P'^AP is canonical. 

/ 1 VZ VZ 1 \ 

In fact P- ^AP is (a;, - ^y+~^z, --^V- 2 * j^- 

Ex. 2. Transfoi-m similarly x'= —y, y'= s, z'= r. 
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CHAPTER II 
INVARIANT-FACTOKS 
§ 1. Bank of a Determinant. 
Suppose that in the determinant * 



On <hi 

•^21 "^22 






a 

a 

a 



mm 

of the substitution A the determinant itself and all the 1st, 
2nd, ..., (m— r — l)-th minors vanish, but that not all the 
(^n. — ■r)-th minors vanish. Then the determinant is said to be 
of rank r. If the determinant does not vanish, it is of rank 
m; if the determinant vanishes but not every first minor 
vanishes, the determinant is of rank m — 1 ; and so on. If 
every element a^ vanishes, the determinant is of rank zero. 

If B is a substitution whose determinant does not vanish, 
the determinants of AB and BA will leave the same rank 
as the determinant of A. 

For each fc-th mincir of the determinant of AB (or BA) is 
a linear function of A;-|th minors of the determinant of A ; for 
instance, taking k = Z and Tn- = 4, 

^l«U + ^2«21 + ^13«31 y ^14«41> ^11*12 + ^12'^22 + ^13«3Z + ^14«42> 
Ojiflfji + 022'''21 "^ ''23*'^31 T Ofil'lll J "•>^ '^m + "19^91 + "g^a^, + Oo^ttj 
'31 '^ll +°32*21 



""24'*41' ^21 "'IZ 



31 
33"'31 ■ 



22 ^''22 T "23 "'32 ^ "24 ""42' 

'34 "'41 ' "31 "'12 + "32'''22 "^ "33*^32 '" ''34**42' 

*11«13 + ^12«23 + ^13«33 + ^14 «■ 



'43 



+ 6,„a„, + 6,,as, + 6„ 



'21*^13 "'""22"'23 



^31«13 + ^32 '^23 + &33%3 + *34«, 



43 

* In §§ 1 to 4 we do not assume that the determinant of a substitution 
does not vanish. 
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+ 



"22 "23 "24 
"32 "33" 34 

^1^2^4 
"21 "22 ''24 
^31^32^34 



%l"3l"41 
'^ 22*^32^^42 
'^23^33'^ 43 

ail 0.5,1 a^i 



^1^13^4 
"2l"i3"24 
''31 "33 "34 

^1^12^3 
"21 "22 "23 
"31 "32 "33 






as is readily verified. 

It follows immediately that the rank of the determinant of 
AB (or BA) cannot exceed the rank of the determinant of A. 

But since A = AB .B~^, the preceding argument shows 
that the rank of the detenninant of A cannot exceed the rank 
of the determinant of AB. 

Hence the ranks of the determinants of A and AB (or BA) 
are equal. 



Ex. 1. The rank of a determinant is the same as the rank of 
the transposed determinant. 

Ex. 2. The rank of a determinant is not altered by midtiplying 
all the elements of any row by a non-zero constant, or by 
adding to each element of any row the corresponding element of 
another row. 

Ex. 3. Find the rank of the determinants 




1 



t 


2 1 
6 3 


» 


1 

1 


1 1 

00!, 

1 i 


-: 


t 

L - 

2 


1 

-1 

1 







J 










1 1 1 
1 1 1 
1 1 1 
1 1 1 


1 
1 
1 

1 


5 


1 





1 

1 





1 1 

2 1 
1 
1 



[2, 1, 1, 2, 1, 3.] 

Ex. 4. Prove that the determinants of A and AA' have the same 
rank. 

[Use the expression given in § 1 for a minor of the deter- 
minant of AB in terms of the minors of the determinants of 
A and 5. j 

Ex. 5. If the determinant of A is of rank r, the characteristic- 
equation of A has at least jm— r zero roots. 

[DiflFerentiate the characteristic-equation m—r — 1 times with 
respect to X. The resulting equation has a zero root.] 
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§ 2. Invariant-factors of a Determinant. 



Consider now the determinant 
a,-,—Kbr 



"ii^'^yii 
a^i — AO21 



J, — X6j2 
22— AO22 






A = I 



*m2 '^"m2 



^mm ^"min 



I "■ml — ^°ml *n 

When expanded it may be expressed in the form 

where h is independent of X. 

Suppose that every first minor when expressed in the same 
form has (\ — a)''i as a factor (but that one or more is not 
divisible by (A.— a)''i+^), that every second minor has (\ — tx)''" as 
a factor, and so on.* 

Now r > 7'i. For by the ordinary rule for difierentiating 

a detenninantf ^^-^ is a linear function of the first minors 



i)k 



J)A 



&c., ob- 



of A, and ;— is divisible by (\ — a)'' ^ but not by (A — a)''. 

Similarly 1\ > J'j > I'a > . . . . 

Suppose quantities (A — /3")% (A — /3)'2, (A — /3)*3, 
tained in a similar manner. 

Then the quantities 

(A-a)'-'-., (A-a/.-^ (A-a)'-=-'-=, ...; 
{\-/3y-% (A-y3)«i-*2, (A-/3)«2-«3, ...; &c., &c., 
are called the invariant-factors J of A. 

The name is derived from the following important property : 

Suppose P, Q any substitutions, and let PAQ = C, FBQ = D. 
Then, if 

e.fl -^ A CtoT Coo ~~ A CtoO • * • Cn, 



8 = 



L12 — Aai2 

^22 — A (t.22 






^nn '^"'■m '-mz "**m2 



A and 8 have the same invariant- factors. 

* We suppose zero divisible by every power of (\ — a). 
t If dashes denote differentiation vyith respect to x, 



^■mm "■^mm 
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a b c 
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d e / 


= 


d 
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+ 


d e f 




y h i 
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h i 




g h i 




</ h' i' 



and so in general. 



X Elemmtartheiler. 



II 2] INVARIANT-FACTORS OF A DETERMINANT 53 

Suppose that tho highest power of (A — a) which divides all 
the fc-th minors of 8 is (A— a/*. 

We assume for the present that any k-th minor of 8 is 
a linear function of ^-th minors of A. 

It will follow that every k-th. minor of 8 is divisible by 

{k-a.yk, OT pj^ > Tj^. 

Similarly, since A - P-^CQ-^ and B = P-'^DQ-^, we have 
''fe ^ Ph- 

Hence Tj, = pj^ ; and the identity of the invariant-factors of 
A and 8 immediately follows. 

In particular, 8 /A is independent of A. We readily show in 
fact that 8/ A is the product of the determinants of P and Q. 

To prove that any k-th minor of 8 is a linear function of 
k-th minors of A, we proceed as follows : — 

Let AQ= U and BQ = V. Then, denoting by ^ -A5 the 
substitution whose coefficients are cii^ — Khij, we show exactly 
as in § 1 that any ^-th minor of the determinant of TJ—XV, 
i.e. of {A—XB) Q, is a linear function of k-th minors of A. 

Repeating the process, we show that any A;-th minor of 8, 
i.e. of the determinant of P{U—\V), is a linear function 
of A;-th minors of the determinant of U—\V, and is therefore 
a linear function of k-th minors of A. 

In the above we may suppose the determinant of A to be 
zei'o, if we admit zero values for oc, i3, y, .... 

If the determinant of B vanishes we may consider similarly 
the determinant whose elements are Kafj—bij. 

It is essential, however, that the determinants of P and Q 
should not vanish. 

We have supposed, moreover, that A does not vanish 
identically for every value of A. For a discussion of this case 
we must refer elsewhere.* 



Ex. 1. Find the invariant-factors of 

I 1-A 2-A 1 

I i_\ i_A. ' -1 -A 

6-3A 2-(-A 3A I 

2-i-A -1 + A 3 

3A 3 2 + A I 

H-A H-A i 

1-A , 

1 + A i_A -1 + 3A ; 



2-I-A, A 
1 + 2A, 2-A 



1+A -1-2A 

1-I-3A -1-4A 

-1-2A -1-4A 4A 

-2-I-A 

1-1-A 2A 

-2-I-A 2A -8-1-4A 



* e. g. Uuth, Elementariheiler, § 8 ; Bromwich, Quadratic Forms, § 21. 
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[(A-1),{A-1); (A-lf ; {A-1),(A-|); (A-1), (A + 2), (A-fl); 
(X+i)3. (A_i)^ (x_i), (A+1); {A-2)%(A + 1).] 

Ex. 2. Find the invai'iant-factors of 
a-A 10 

a-A 1 

a-A 1 

a-A 

;(A-a)*; the factors of A^-o-SA-cA^-dA^.] 
Ex. 3. The invariant-factors of the determinant A of § 2 are 
unaltered if we multiply any row (or column) of A by a non-zero 
constant independent of A, or if we add each element of a given 
row to the corresponding element of another given row. 

[This result will assist in the practical calculation of invariant- 
factors.] 

Ex. 4. The complex invariant-factors of the determinant 
I a — A6 I of Ch. I, § 13, occur Jn pairs of the type (A— a)'', (A— af. 

[Since aij = aj( and l>ij=bj^, the minors of this determinant 
can evidently be grouped into conjugate pairs. For instance, 






and 



aji — A6ii a,3— Al>i3 

021 — Abgl «23~^^23 

are conjugate complex quantities, A being considered real. Hence, 
if (A — a)'' divides all minors of a given order, so does (A— a)""; 
and conversely.] 

§ 3. Invariant-factors of a Substitution. 

By the invariant-factors of a subditution A we mean the 
invariant-factors of its characteristic-determinant. 

In this case the substitution £ of § 2 is replaced by the 
unit substitution E. 

Taking Q = S, F = S"^ in § 2, and noting that 

D = S-'^ES = Ey 

we see that the invariant-factors of S~'^AS and of A are 
identical, i. e. : — 

The invariant-factors of a substitution A are identical with 
the invariant-factors of any substitution into xuhich A can be 
transformed. 

The following theorems are an immediate consequence of 
the definitions : — 

A substitution has the same invariant-factors as its trans- 
posed substitution. 

If the invariant-factors of A are 
{k-oc)\ (A -«)«., (A-a)«,. .... (A-/3)''., (A-/3)^ ...,..., 
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the invariant-factors of A and A' are 
(X_5)«., (\-5)«,, (X-a)«3, .... {\-fi)\ i\-0)S ..., .... 
Again, 

The invariant-factors of TA, where T is the similarity sub- 
stitution 

*1 ^ "^1 ) "^2 ^ "''''2 ' • • " ' ^m ^ "'^m > 

are 
(\-koiY', (A-fca)«a, {K-ka.)%, ..., {k-kfi}\ {\-k/3)\ .... 

Ex. 1. The complex invariant-factors of a real substitution occur 
in pairs of the type (k—af, (A.— a)". 

Ex. 2. The complex invariant-factors of the product AM of 
a Hermitian substitution A and a real multiplication M occur in 
pairs of the type {k—af, (X— a)". 

[If M = {ciXi, e2X2, ...,emX„i), the characteristic-determinant 
of AM becomes after division by ejCg ... e„ 

«1I-V«1 Oi2 ... Oj^ 

Ogi 022 — "/*2 ■ • • "im 



Now use § 2, Ex. 4.] 

Ex. 3. Prove similarly that the invariant-factors of the product 
of an alternate substitution and a multiplication occur in pairs of 
the type (A -a)", (A.-|-a)«. 

§ 4. Invariant-factors of a Direct-Product. 

It is easy to determine the invariant-factors of a direct 
product when we know the invaiiant-factora of the constituent 
substitutions. 

Consider, for instance, a direct product of substitutions on 
the variables 

rcj, 352, ccg, and x^, x^, x^, and x^, x^. 

The characteristic-determinant of the substitution takes the 
form 

* — A * * o o o o o 
!(: * — A * o o o o o 

* * :(: — A o O O O O 

*— A * * o o 

* *— A * o o 

* * * — A o o 



o o o 

o o o 

o o o 



o o o o o o * — A * 



o o o o 



o o * * — A 



where the asterisks denote quantities not necessarily zero. 
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If we erase a row and a column of this determinant, the 
resulting first minor is readily seen to vanish unless the erased 
row is one of the first three rows and also the erased column 
one of the first three columns, or else the erased row is one of 
the next three rows and the erased column one of the next 
three columns, or else the erased row is one of the last two rows 
and the erased column is one of the last two columns. 

In fact the resulting first minor will vanish unless the 
erasing of row and column leaves each of the three parts 
of the characteristic-determinant which is of the type 

* -\ * * 

^ * * — A 

in square form; i.e. does not convert it into a rectangle with 
length and breadth unequal. 

Similarly, when two rows and columns are erased the 
resulting second minor vanishes unless each part of the 
characteristic-determinant remains in square form ; and so for 
third, fourth, ..., minors. 

It follows at once that if each constituent has a single 
invariant-factor which is a power of (X — a),* then the in- 
variant-factoi-s of the direct product corresponding to the 
characteristic-root a are 

(A-a)«i, (\-a)«», (A-a)% -.., 
where 

(\-a)°i, (\-a)«^ (\-a)°3, ... {a^ >a^>a^> ...) 
are the invariant-factors of the constituent substitutions. 

Even when the constituent-substitutions have more than 
one invariant-factor which is a power of (A — a), it will be easy 
to obtain the invariant-factors of the direct product in any 
given example ; but the case just discussed is the case of most 
importance in the general theory. 

§ 5. Invariant-factors of a Canonical Substitution. 

The substitution C of Ch. I, § 8, has the single invariant- 
factor (X — a)™. For the characteristic-determinant is (a — X)™, 
and the first minor obtained by erasing the last row and the 
first column in this determinant is unity. 

Using § 4, we at once obtain the invariant-factors of the 
canonical substitution of Ch. I, § 9, and establish that 

♦ i.e. the determinant of each constituent has at least one first minor not 
divisible by (X — a). 
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The direct product N of substitutions of the type 
x(=\>.x^^x^,x(=^LX^^x^, ...,x'^,^=ixx^_^-\-x^,x^'=y:x^, 
for which 

fj. = cx and m, = a^, fi = (x and m — a^, /Li = a and 771 = 03, •••> 
fx = /3 and m—b^, fx = /3 and m,= b^, /i = /3 and 111=63, •••> 
fi = y and m = c,, ix=y and m=c^, fi= y and m= c^, ,.., 

respectively, where 

ai>a^>a^> ..., b^>b^>b^> ..., c, > c^ > C3 > ..., ..., 
has the invariant-factors 

(A-a)S (\-a)S (\-a)«3, ..., (A-/3)^, {k-^)\ (\-/3)\ ..., 
(A_-y)% (A-y)^ (A-y)% ........ 

The reader will have no difficulty in showing by a similar 
process that the inverse iV-^ of this direct product has the 
invariant-factors 

(\-a-i)«i, (A-a-ifj, (A-a-i)S, ..., 
{\-fi-^)\ {\-^-')\ {\-r')\ ..., 
(A-y-i)% (A-y-i)% (A-y-i)S ..., .... 

Corollary I. 

If a substitution A has invariant-factors 
(A-a)% (\-Q!)«a, (A — «)"», ..., tvhere ai>a^>a^> ..., 
(A-^)\ (A-^)&2, {k-^)\ ..., -wAere 61 > 63 > 63 > ..., 
(A-y)"!, {\—y)\ (A — y)<"3, ..., ty^er-e Cj > C2 > C3 > ..., 

•ii is transformable into the canonical substitution N of ^ 5. 

For A is transformable into a canonical substitution (Ch. I, 
§ 9), and any canonical substitution with the given invariant- 
factors is evidently transformable into iV of § 5. 

Corollary II. 

If a substitution has the invariant-factors given in 
Corollary I, the invariant-factors of its inverse are 

(A-a-i)"S (A-a-')«^, (A-a-i)«>, ..., 

{\-l3-^)\ (A-r')''», (A-/3-^A ..., 

(^-y-^)"'. (^-y-')S (^-y-')% - > 



For if S-'AS = iV^, S-^A-'S = A'"' (Ch. I, § 5). Now use 
the result at the end of § 5. 

1C45 H 
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Corollary III. 

Any given substitution A can be transformed into any 
given substitution B ivith the same invariant-factors. 

For by Corollary I we can find substitutions S, T such 
that S-^AS = N, T-^BT = N; and then S'^AS = T~^BT or 
P-^AP = B, where P = ST'K 

Equating corresponding coefficients in the two substitutions 
AP and PB of degree m, we have m^ linear equations in the 
ni' coefficients of P. If A and B have the same invariant- 
factors, these equations are consistent (though not in general 
independent). Solving them, we get a substitution P trans- 
forming A into B, whose coefficients are rational functions of 
the coefficients of A and B. 

For instance, when we know the invariant-factors of A, we 
know N; and hence we can find a substitution transforming 
A into its canonical form N* 

CoroUary IV. 

A substitution A is of finite order if and only if every 
invariant-factor has unit exponent 1; and every characteristic- 
root is a root of unity. 

For A is of the same order and has the same characteristic- 
roots and invariant-factors as the canonical form N into 
which it may be transformed. But iV is only of finite order 
if it is a multiplication whose coefficients are roots of unity. 
(Ch. I, § 9, Corollary II.) 

Corollary V. 

If the substitution A has exactly k invariant-factors ivhich 
are powers of (A — a), it has a {k — l)-ply infinite number of 
poles corresponding to the characteristic-root A = a. 

For this has been proved for iV in Ch. I, §§ 7 and 8. 
Now use Ch, I, § 6. 

Ex. 1. {x+Sif, 2x-\-2y) can be transformed into 

(5a;+6y, -x-2y). 
[They both have invariant-factors (A-i-1), (A — 4).] 

* To find these invariant-factors, we may with advantage first transform 
A into some simpler form, e. g. by the process of Ch. IV, $ 1, Ex. 10. 

f An invariant-factor such as (\ — 0() with unit exponent will often be called 
a linear or simple invariant-factor. 
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Ex. 2. (Sx + y-2e, 2x + 3y-Bz, 4x + 2y-8g) is transformable 
into {—s, x+Sy+3e, —y). 

[They both have the invaiiant-factor (\- 1)'.] 

Ex. 3. Find by invariant-factors the canonical form of 

(x-y+2e-2w, -3«/-2w, -2x + 2y-Be + 3w, 2i/+w). 
[See Ch. I, § 9, Ex. 3.] 

Find similarly the canonical form of the substitutions in Ch. I, 
§ 9, Ex. 5. 

Ex.4. Transform A=(x+Uy + 7z, -y-z,6y+i2) into its 
canonical form N= {x, y, 2e). 

[If P-^AP=N, where 

P = {Jia;+OTiy + «i«, l^x+m^y + n^z, l^x + m^^y + n.^is), 
equating corresponding coefficients in AP = PN gives 
li = l^, 14?!— »ii + 6wi = Wj, 7^1 — mi + 4wi = nj 

^2 = ^21 14^2 — »W2-)-6«2 = »l2, 7i2 — »W2 + 4M2= «2 

1^ = 21^, I4J3 — »n3+6«3 = 2W3. 7^3— W3 + 4«3 = 2W3 
These equations reduce to 

7Zi = »»i— 3«i, 7l.^ = m2 — 3n^, 1^ = 0, m.^ = 2n,^. 
Hence P may be any substitution whose coefficients are connected 
by these four independent and consistent relations.] 
Apply the method to Ex. 1, 2, 3. 

§ 6. A Second Canonical Substitution. 

The substitution i\r of § 5 is transformable into another 
form which is sometimes more useful than the form N itself. 
Suppose that on page 57 

(X-a)«i.(A.-/3)*i.(X-y)'^i... = \''-ei-e2\-...-er^'-i, 
(\-a)»3.(A_;3)''3.(X_y)<'.... = X'-(/i-gr,\_...-gr^\<-i, 

SO that «! + 61 + Ci + .., = ?•, a2 + 62 + ^2 + •■• = s>&c. 
Then If is transfonnable into the substitution L 

£Cj = X2) CC2 = X^y ,,., X ,._j ^ Xj., Xj. ^ ^i-^i + ^i'^a' ••■ T" ^r'^r ' 
X ^^j =■ iC^+o, aj J-+2 — ^r+3> •••> ^ r+s-1 ~ '''r+8' 

* r+s — /i'^r+i+/2^r+2'l" ••• "^ft^r+a ) 
•• ...•.••••J 

which is the direct product of substitutions each of the type 

X^ = £2^21 •^2 ^ '"35 ••• 1 -^ J— 1 ^^ "^Tf '^T ^^ ^l-^lT ^ip^ii •'• "TC'ftD^ , 
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the chai-acteristic-determinant of each constituent of the direct 
product being a factor of the characteristic-determinant of the 
preceding constituent. 

For since the first minor obtained by erasing the last row 
and the first column in the characteristic-determinant of 

x( = x.^,x.^-= x^, ..., a;'^_i = x^, a;/= e-^x^ + e^x^^ ... \ e,.Xr 
is unity, this constituent of L has invariant-factors 
(X-a)"!, (X-y3)!'s {\-y)\ .... 
It follows from § 4 that L has the same invariant-factors as 
N, and hence is transformable into N.* 

The reader will find properties of the substitution L in 
Ch. I, § 3, Ex. 14, and § 6, Ex. 5 (iv). 

If A is any substitution with canonical substitution N, the 
first constituent in the direct product L has a characteristic- 
determinant which is the quotient of the characteristic- deter- 
minant oi A by the highest common factor of the first minors 
of the characteristic-determinant of A. The second constituent 
of L has a characteristic-determinant which is the quotient of 
this highest common factor by the highest common factor 
of the second minors of the characteristic-determinant of A ; 
and so on. Hence L can always be found, when A is given ; 
and the coefficients of L are rational functions of the 
coefficients of A. 

Ex. 1. Transform 

Xj'=(XXi + X2, X2'=(XX^ + X3, ..., x',._i=ocx^_-i + x,., x/=cxx,. 
into the type 

Xi'=X2, X2 = Xs, ..., a;'r-i=a;,., x/= eiXi + e2X.^+ ... +e,.x^. 

[Put a;i = fj, aa;i + a-2=:f2> a'^a;i-(-2aa;2 + a;3 = f3, ..., 
(x''x, + ''C^oc''--'x, + ''C,<x>'-^x^+ ... -i-Xfc+i = 4+1, ....] 

Ex.2. If A = {x+Uy + 7s, -y-z, &y + ^z), 
then L = {y, —2x-\-^y, z). 

Find P so that P~^AF = L. 

[The invariant-factors of A are (A.-1), (\-l), (A— 2). This 
gives L. 

If P= (?i3; + »Wi^ + «i«, l^x + m^y + n.^z, l^x+m^y + n^z), 
we have, on comparing coefficients in AP and PL as in § 5, 

* The following authors have made use of the substitution L: Nicoletti, 
AnnaJi di ifatematica III, xiv (1908) ; Landsberg, Crelle, cxvi (1896), p. 331 ; 
Burnside, Proc. Lmdon Math. Soc, xxx (1898), p. 183; Lattfes, Comptes rendus, 
civ (1912), p. 1482. For these references I am indebted to Professor Lattfes. 
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Ex. 4, nine equations which reduce to the five independent and 
consistent equations 

7^2 — »M2+2Wi + W2 = 0, Wj— IW2 = 2Wi — 2«2. 

For instance, we might have 

P = (x-2z, x + 2y—z, —x—y-\-2s).'\ 
Apply a similar process to § 5, Ex. 1, 2, 3. 

Ex. 3. We can transform A into the form i by a substitution 
whose coefficients are rational functions of the coefBcients of A. 
QUse the method of Ex. 2.] 

§ 7. Substitution Transformable into its Inverse. 

As an example on the substitution of § 6 we may show 
that: — 

If a substitution A has the same invariant-foitors as its 
inverse, A is the product of two substitutions of order 2, each 
of tvhich transforms A into its inverse. 

If I'-^AP = A-^ and P^ = E, then 
(P-M)-i. A (P-^A) = A-\PAP-\A 

= A-KP-^AP.A = A-^ 
and (P-M)2 = P-^A P-^A = P-^A P.A = E. 

Hence A is the product of two substitutions P and P~^A 
of order 2, each of which transforms A into J.~^. 
It is therefore sufficient to prove the existence of P- 
Moreover, it is sufficient to prove the existence of P for 
any substitution L into which A can be transformed ; for if 
P-^LP = Z-i and P^^E, where B'^AS, = L, then 

{&PB-^)-^A (SPS-^) = SP-^ . S-'AS . PS-^ 

= SP-^LPS-^ = SL-^S-' =A-^ 
and SPS-^ is of order 2. 

We may take L as the substitution of § 6, which is the direct 
product of substitutions of the type 

ajj = CC2, X2 =333, ... , X ^_j ^ cc,., 

Xj. ^^ C-i iCj T CniJCn ~r . • • "r e^X ^ ...... (1) 

It will evidently be sufficient to prove the result for this 
constituent (i). Now (i) is transformed by the substitution 
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of order 3 into 

while the inverse of (i) is 

, _ 1 
x^ — — {— 6.^x^ — 6.^X2— ,.. — e^Xj._^ + Xj.), 

^-2 — -f^i, •t'3 — •t'2 ) • ■ • J ^r — '*'r— 1 • 

This inverse coincides with (ii), provided 

But these relations (iii) hold good. For since (i) is trans- 
formable into its inverse, and has therefore the same invariant- 
factors as its inverse, the characteristic-equation of (i) 

A''— fii-e^A-.-.-e^X'-izsO 

must be identical with an expression of the type 

{A-l)P(\+l)2(\-a)"(\-a-i)«(\-^)''(\-/3-i)^... =0 

by Corollary II of § 5. 

Hence A*" — e,— e2A— ...— e,.A'~i= is unaltered when we 
replace A by A"^ ; which gives the equations (iii). 



CHAPTER III 

BILINEAR FORMS 

§ 1. Transformation of Bilinear Forms. 
With any substitution A 

<= «<ia;i + a<2'»a+---+«<m«»i(< = 1, 2, ..., m) 
may be associated a bilinear forrtx 

a {x, 2/) = 2 ai^y^Xj (i,j = 1,2, ..., m) 
in the two sets of variables 

a!j, aig, ... , x„j; 2/1,2/2) •••tym- 
The product of two forms a (x, y) and b {x, y) is defined as 
c {x, y), where 

Cij = 6iiay + 6i2a2j + •■• +^m«mj- 
The substitution G corresponding to c (x, y) is therefore the 
product of A and B corresponding to a {x, y) and b {x, y) 
respectively. It should be noticed that this definition will 
hold even if the determinant formed by the coefficients of 
a {x, y) or b {x, y) vanishes. 

Suppose that in the f oim a {x, y) we substitute 

p,iX,+^,,x,+ ...+^,»x„, for '^l\^^^^^ y 

9n yi + 9<2 y2 + • • ■ + Itm Sm for J/< J 
Then we transform a {x, y) = 2.a,-yj.a;/ into 

^j% (9fiyi + 9i2y2 + • • • + ^imym) {Pjl^l +Pjz^2 + • • • +Pjm^,„) 

= ^t^^jii,<^ijP,it) Ss^i = 5 ^^tSs^t = i (x. y). 

where B = PAQ' ; a result of considerable importance. 

It will be noticed that by Ch. II, § 1, the determinants of 
B and A have the same rank. 

If P = Q, the a;'s and y's are said to be transformed by 
a congruent transformation. 

We have supposed the two sets of variables 
Xi,X2, ...,x^ and 2/1,2/2. ■••.2/,,, 
independent. This is not necessarily the case. 
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We might put 3/1= a^j, 2/2=^:2, ...,2/„=a;„j. 

Then a {x, y) becomes the quadratic form a (x, x) or 

^ttijXiXj (^,i= 1, 2, ..., m). 
Any transformation of the a^'s and y'a must now be con- 
gruent ; so that if we put 

Pti^i+Pti^2 + ---+2^im^m for Xt 
in a {x, x) we get b (x, x), where B = PAP'. 
Another case of importance is that in which 
2/j =: ajj , 2/2 = ^2' • • • I Vm ^^ -")« • 
Then a (x, 2/) becomes a{x,x) or J^a^jX^Xj. 
If we put 

Ptl^l+Pt2^2+ ■■• +2^tm^m for Xf, 

we must put 

Ptl^l + PH^2+ •■■ +Ptm^m for Xi. 

Then a [x, x) becomes b (x, x), where B = PAP'. 

Changing now the notation, suppose that when we put 
p,,x,+p,2X2+...+^.«x. for 0,,) ^ _ 

ff^yi + 91272 +•■■ + itmym for 2/< ) ' 

a (x, y) becomes c (x, y) and b (x, y) becomes d (x, y). 

Then, by Ch. II, § 2, since PAQ' = C and PBQ' = D, the 
determinants 




and 



have the same invariant-factors. 

In particular, the second determ 
first.* 



^mm '^"'mm 



nant is a multiple of the 



* It is the first determinant multiplied by the product of the determinants 
of P and Q, which are supposed not to vanish. 
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Ex. If the substitution B is transformed into A by the 
ortJwgonal substitution P, a [x, y) becomes & (x, y) when we per- 
form on it the congruent transformation 

§ 2. Hermitian Forms. 

If -4 is a Hermitian substitution, so that ay = a.ji, a (x, x) 
is called a Hermitian fiyrvi. 

"*^ Pti^i -^Pi2^2 +•■■ +Ptm^m for Xt-) ^ 

and a {x, x) becomes h (x, x), where B = PAP'. 

Since A is Hermitian, by Ch. I, § 10, B is Hermitian, and 
hence 

Any change of variables transforms a Hermitian form 
into a Hermitian form. 

Suppose now that P"^ is the unitary substitution (Ch. I, 
§ 12) transforming A into the multiplication 

ajj ^ "-iX^, x^ ^ AjXj, ..., x.i^ ■=■ n^i^Xii^. 

Since P is unitary, P' = P-^. Therefore B = PAP-\ and 
hence 6 (x, x) is the Hermitian form 

Hence 

Any Hermitian form a (x, x) iidth non-zero determinant 
can he transformed by a suitable unitary change of variables 
into the form 

^l^l^l + ^2^2^2+ ••• +^m^m^»»' 

where X^, Aj, ...,A,,„ are the real characteristic-roots of the 
associated substitution A. 

Suppose now that we have a Hermitian foiTQ a (x, x) 
whose characteristic-equation 

a„— \ . . . ft,,,. 



'ml . ■ ■ • <^''mm~^ 



= 



has m, — r zero roots, the other roots being Aj, A.^, ..., A,.. 
Suppose — £ is not a root, and let e {x, x) denote 

X^X^-i-X2X.2+ ... + ^in^iif 
lUS I 
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Then the characteristic-equation of a(x,x) + (.e (x, x) has 
the roots 

Aj + e, Ag + e, ..., A^ + f, «, e, ..,, e, 

none of which is zero. 

Therefore, as before, a suitable unitary change of variables 
reduces a{x,x) + i.e {x, x) to 

(XlXjXi + AjX^X^ + . . . + ArX,±r) + « (^1^1 + ^2^2 + • • • + ^m^ J- 

But a unitary change of variables reduces e(x, x) to e (x, x), 
since e {x, x) is an invariant of a unitary substitution by 
Ch. I, § 11. 

Hence by the unitary change of variables a (x, x) has been 
reduced to 

AJXJX1 + A2X2X2+ ... +AyXrXy. 

Since Xj, x^, ..., x„i are independent linear functions of 
Xj, aij, ..., x,„, the determinants of a{x,x) and of 

have the same rank (§ 1). 

But the rank of the latter is r, and therefore the rank of 
the determinant of A is r. We call r the ravk of the form 
a {x, x). Then we have : — 

A Hermitian form of rank r can be reduced by a suitable 
unitary change of variables into the form 

AjXjXj + A2X2X2+ ... + AyX^Xy, 

^ii^2>"'>^r being the real non-zero characteristic-roots of 
the form.* 

Suppose that Aj,A2, ..., A^ are positive, and A^^j, A^^jj ••.>Ay 
aie negative. Putting 

we reduce the Hermitian form to 

ii^i + - + ikh-ik+ih+i----^Tir' (i) 

which is the canonical shape of a Hermitian form of rank r. 

If by any other change of variables the Hermitian form 
a {x, x) is reduced to 

jJi^i+...+r;j^j-7}j+iijj+i-..,-7jg^g, (ii) 

* The reduction of the Hermitian form to this canonical shape can be 
effected more simply if we do not confine ourselves to a unitary change of 
variables ; of. J 6. By the ' characteristic-roots of the form ' we mean the 
characteristic-roots of the associated substitution. 
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where tjj, tj^, ..., jj, are independent linear functions of 
a5i, X2, ...,x^; then r = s and k = I. 

For the rank of the determinant of (ii) is the same as that 
of the determinant of j1 ; i. e. s — r. 

We have then 

^l^l+-.-+44 — 4+llfc+l — ••• — ^r^r 

= Virii+---+Viril — m+lVl+i-----VrVr- 

Suppose, if possible, k > I. 

Then we can choose non-zero values of ajj, Wj, ..., a;^ to 
make ?),, 7/2, ..., tjj, f^^+i, ..., f, vanish (for they are r — k + l 
linear functions of ajj, aia, ..., *m' 8^<i r—k + l < m), but not 
all of f,, ..., 4, Vi+u •••> 'Ir vanish. 

But then we shoixld have a negative quantity on the right- 
hand side equal to a positive quantity on the left, which is 
impossible. 

Ii r = m and k = m or 0, so that a (x, x) is reducible 
respectively to 

a (x, x) is called a definite Hermitian form. It is sometimes 
called a positive Hermitian form when k = m, and a negative 
when k = 0. It is definite if and only if the characteristic- 
roots of A are all positive, or all negative. A positive form 
is always > (and a negative form < 0) for any values of 
x^, X2, ..., x^ not all zero. 

Since a real symmetric substitution A is a particular case 
of a Hermitian substitution, we obtain readily in a similai- 
manner : — 

A reed quadratic form in m variables a {x, x) = 2 OijX^Xj , 
where a,-- = a-^, whose determinant is of rank r, can be ex- 
pressed by a suitable orthogonal change of variables in the 
form \x^ + >^2'^i + ... + ^ra;,^ 

Xj, Xg A, being the real non-zero characteristic-roots of the 

form.* 

As before, if a,-^- is real for all values of i and j, a (x, x) can 
be put in the fonn 

* The reduction of the quadratic form to this canonical shape can be 
effected more simply if we do not confine ourselves to an orthogonal change 
of variables ; cf. § 6. The reader should notice that among the wi' terms of 
:Sa;jX;xJ there are ^m(m—l) pairs of identical terms such as o.ji.xy and 
ajiXi xj , where > ft j. "We have 2 0^,- a; j Xj = a,i a:,' + Oj, Xj' + . . . + 2 o, j i, ij + . . . , 
where the right-hand side contains |ni(»» + l) terms. 
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where £j, ..., 4, ^,,+,, ..., f^ are independent real linear 
functions of ajj, a^j, ..., a;.,,, ; and if it can be expressed also in 
the form Vi^+ ...+vf-Vi+i^- ••■-Vs^> 

where -q^, ..., r\i> Vi+i^ ■•• '^a ^^^ independent real linear 
functions of x^, x^, ..., x^, then r = s and k = I. 

If 7' = m and % = m or 0, so that a (x, x) is reducible to 

a{x, x) is called a real definite quadratic form, positive or 
negative according as Ic = m or Ic = 0. 

Ex. 1. In Ch. I, § 12, Ex. 1, the substitution A was transformed 
by PQ into (2 a;, y, —z). 

The inverse of PQ, which is the same as the substitution 
transposed to PQ since PQ is orthogonal, has the matrix 



iO IX _2_ 

15 15 15 

5 2 i* 

15 15 15 

1^ 1^ _5_ 

15 15 15 



Hence the quadratic form 

50I25 (317x2 - 142^2 + 275.^2- 380?/^r + leO^a; - 212a;i/) 
becomes (2x^ + 7^— z^) if we write 
15x= — 10x + lly + 2z, 15^= 5x + 2y+14z, 

15^= -10x-10y + 5z. 
Ex. 2. Transform similarly the quadratic form 

^(-x^-y'^+2z^ + 4:yz->riex-Sxy). 
Ex. 3. HA is a definite Hermitian substitution, so is B'AB. 
If 4 is a real definite symmetric substitution, so is B'AB. 

[In the first case B'AB is Hermitian by Ch. I, § 10. Now by 
Ch. Ill, § 1 the forms corresponding to A and B'AB can be 
transformed into one another. But by § 2, if one form is definite, 
so is the other. 

Similarly in the second ease.] 

Ex. 4. If a [x, y) is a real symmetric bilinear form (ay = «;;), 
and a [x, x) is a definite quadratic form, then 

{a(x, y)Y < {a{x, x)) x {a(y, y)]. 

[The equation a(Aa; + /iy, Aa; + /i»/) = in A./m has unreal 
roots.] 

§ 3. Reduction of a Bilinear Form to Standard Type. 

The bilinear form 2 a^yj/^aiy may be reduced by an infinity 
of transformations of variables into the form 
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If the determinant of the form ia not zero, it suffices to put 

xj for atiXi + ai2X^+... + atj^x„ {t = l,2, ..., m). 
If the determinant of the form vanishes, this method breaks 
down, for then Xj, X2, .... x^ would not be independent. 

In this case we may proceed as follows : — 

First suppose that the quantities Ou, a^, ..., a^^ are not 
all zero. There is no loss of generality in supposing a„ is 
not zero. 

Put f 1 for ttii Xj + ai^aJa + . . . + ciim^m ' 

and 7,1 for a„2/i + a^^y^ +... + a,„^y„,. 

Then 2 aijyfX^ = — ^, ,,, +/, 

where / is a bilinear form in the variables 

x^, x^, ...,x„,; 2/2, 1/3, ..., 2/,„ only. 

Next suppose that a^^ = a^^= ...= 0,^^ = 0. There is no 
loss of generality in supposing aj2 ^ 0. 

Now put a;^ = Xj, ail = X^. Then the coefficient of 2/,Xj is 
aj2, and proceeding as before we get 

"12 
The same process can now be applied to /, and so on. 

Finally put ^j = ajj^i (or fi = ^^12^1 i° ^^ second 
case), &c. 

By § 1, the detei-minants of 

^aijVi^j and aJiJ/i + ^22/2+ ••• +^r2/r 
have the same rank. Hence r is the rank of the determinant 
of ^atjyiXj. 

Ex. 1. Eeduce 

to standard form. 

[The coefiScient of y^x^ is 2. Putting then Xj = Zg, a^g = Zj, 
we get a{x, y) = yi(2Zi-3a;3) + «/,(4X2-2a;3) + y3(Z,-3X2). 

Put ^1 = 2X1 — Bx^, J]j = 2^/1+^3, since the coefficient of j/jXi 
is 2, and we have 

aC'K, y) = ^fi'/i+2'2(4^2-2a;3)+2/3(-3X2 + |a;3), 
or a(x, y) = ^fili + i^^jj, 

where 4 = 4X2-2X3, ih^^y^-By^. 
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Now put ^1 = 2^1, ^2 = 4x2, 7?i = y,, rj^ = yj 
and a{x, y) becomes ^iJi + 'X2y2! 'where 



»i = %-f 



Ex. 2. Reduce to standard form 

«/i fe-a^s) +2'2 («i + 2a;a)+S'3(2a;i + 4x2), 
and yi(3a!i — 4^2— 5a;3+a;4) + »/2(a;2 + 2a;3 + 2a;4) 

Ex. 3. The standard type into which a given bilinear form can 
be reduced has always the same number of terms, whatever be 
the manner in which the reduction is performed. 

[The number of terms is the rank of the detenninant of the 
form.] 

Ex. 4. If a bilinear form is the product of two linear forms, its 
rank is unity. 

Ex. 5. If a bilinear form Sa^^j/^a^; with non-zero determinant 
is unaltered when we replace 

^t ^y Pn^l +-P(2^2 + ••• +Ptm^,n\ it=i 2 m) 

the invariant-factors of P and Q are such that to each invariant- 
factor (X— a)*" of P corresponds an invariant-factor (A.— a~^)*' 
of Q. 

[Suppose that Xiyi+X2y2+ ••• +^mym becomes ^a^jy^Xj when 
we replace 

Xthy rtiX^ + rt2X2 + ...+r,„x^\ .^^^2 m) 
2/< by s,i2/i + S(22/2+-+s,^y„M ' ' '"■' 

Then RES'=A, PAQ'=A. Hence R'^PB. S'Q'S'''^ = E, or 
E-'PB = S'Q'-^ S'~K Therefore P and Q'-' or P and Q"^ have 
the same invariant-factors.] 

§ 4. Transformation of a Bilinear Form into the Snm of 
Two Bilinear Forms. 

In the last section, if a„ ^t we proved that, when 2 a^ji/fX- 
is expressed in terms of 

Ci) ^2) ^3> •••) ^m ^O" *)i> 2/2' 2/31 •••> Vm' 
where 

^1 = «lia;i + «12'^2 +.••• + (^irn^m . Vi = auVl + 0212/2 +••• + «inl2/m . 
it becomes the sum of a bilinear form in £1 , t;j , and a bilinear 
foi-m in x^, x^, ..., a;„j; y^, y^, ..., y,,^. 
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This is a particular case of the theorem : — 
If 



D = 



"12 



Hh 



I «ftl «i2 



'fcfc 



'Jfc' Vli+i' 



is not zero, and 2 a^jy^Xj is expressed in terms of 

feu •■•) Ci) ^&+ii •••> ^m'l ViJ •■ 

luhere 

^t = «n ail + a(2 a^a + . . . + a<,„a;„, 

Vt = «i<2/i + ai8<2/2 + . . . + a,„<2/m 
then 2 a^jy^Xj becomes the sum of a bilinear form in 

fl! •••> ^k> Vl> •••^ Vk' 

and a bilinear form in a;j+i, ..., x„ 



y„ 



{t = l,2,...,k), 



For D X 2 a, 



2/AH 



2/« 






X: 



«lfc 
«2fc 



^2 






4 

^^ijyiXj 



«11 

«21 


«12 • 
«2. • 


• • «2;i 


t 


'Jl 


«i2 • 
12 • 


■ ■ Vk 






The second determinant is evidently a bilinear form in 
^1. •••> fi> '111 •••> 'Jfc only; and the first determinant becomes, 
when we multiply the first A; columns by a\, Xj, ..., X/^ 
respectively and subtract from the last column, and multiply 
the first k rows by y^, y^, ..., yk respectively and subtract 
from the last row, 



'11 



■"J 2 
^22 



ttfcl «fc2 



«lfc 
"24 



«1 



Hk 

Vk 



where u^ = a<ft+ia;ft+i + a(ft+2a:'fc+2 + 
Vf = aj,+ityj^+i + 0,^+2 fyj^+2 + 
and / = 2 aij-y^xj {i, j - k + 1, k + 2, ... 

which is a bilinear form in a;j+i, ..., x^, y^+i, 
Dividing by D we get the given theorem. 



/ 

,in), 



y„ 



72 REDUCTION OF A BILINEAR FORM [III 5 

§ 5. Reduction of a Bilinear Form to Standard Type by 
a Contragredient Transformation. 

The reduction of Sa^^t/^a;. to the form 
by the transformation 



PQ'= E, 



Vt = it^y-i + ?<2y2 + • • • + itm y,» j 

is only possible if the invariant-factors of A are all linear. 

In fact, if the determinant of A does not vanish, we have 
PAQ' = PAP~^ = M, where ilf is the multiplication a;/=A.^a;^. 

This is only possible if A has linear invariant-factors. For 
by Ch. II, §3,-4 and M have the same invariant-factors ; and 
the invariant-factors of a multiplication are linear. 

If the determinant of A vanishes, we get the same result by 
applying this ai'gument to the form (2 ajvyjiC/ + e2 x^i/^) and 
proceeding as in § 3. ''^ ' 

Ex. Since by Ch. I, § 9, Ex. 1, 

{x-2y — 2z, 2x + 3y + 4:Z, -2x—y—2e) 
is transformed into the multiplication {x, —y, 2z) by 

(a:-H2a/ + 2«, —x-y-2g, y + g), 
whose inverse is (x—2z,x + y, —x—y + z), therefore the bilinear 
form 

yi(x^-2x2-2x3)+y.2{2xi + Sx2 + ix3)+y^{-2xi-X2-2x3) 
is transformed into yiXj— y2X2+2y3X3 by the substitution 
Xj = Xj — 2x3, a:2=^*i + *2) ^3=^ — *i~*2 + *3i 

Vi = yi-ya. 2/2 = 2yi-y2 + y3, ^3 = 2yi-2y2-f-y3. 

§ 6. Reduction of a Bilinear Form to Standard Type by 
a Congruent Transformation. 

If 2 ajjyiXj is reduced to (Xjyi + Xgya -I- ... -I- x^y,) by a con- 
gruent change of variables 

^t = Pa^l +Pt2^i +••■ +Ptm^m\ ^ 
Vt = PtlYl +Pt2Ti + . . . + Vtm7m\ ' 

A must be symmetric. 

For if £ * is the substitution con-esponding to 
{x^yi + x.,y^ + ...+x^y;), 

* C has zero determinant unless r =m. In this case £ is the unit sub- 
stitution E. 
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we have PAP'= S ov A= P-^ 6^'^, which is symmetric by 
Ch.I,§10. 

Conversely, 

V ^'^iji/i^j ^s symmetric, we can reduce it to the form 

by a congruent cliange of variables. 

First suppose that not all the quantities a.^^, a.^^, a^.^, ..., 
vanish. 

There is no loss of generality in supposing a^ ^ 0. 
Then if we put 

fi for a^■^XJ^ + a^^x^ + . . . + ai„,x„ 
Vi for aii2/i + a^ij/a + . . . + a„,^y„ 

where / only involves the variables 

a^z) ^3' •••> ^m > 2/2' lli' •••' Vim 
and is symmetric* 

If all the quantities Ojj, a^^, a.^^, ..., vanish, there is no loss 
of generality in supposing a^^ ^ ^• 

Put 
X1 + Z2 for Xi, X^-X^ for x^, Tj^+Y^ for y^, Y^-Y^ for y^. 
Then the form 2 aijy^Xj is tranformed into one in which the 

coefficient of X^ Y^ (and of — X^ Y^) is a^^ + '^zi or 2 a^^ ; and 
we proceed as before. 

We can now apply the same process to the symmetric 
form /, and so on. 

Finally we put ^i/ttj^^ = Xj, Vi/ci'n^ = Yi, &c. 

If "^a^y^X: is real as well as symmetric, every transforma- 
tion in this process is real except perhaps the last. If a^^ 
were negative, we should put 

and thus we reduce 2 ciijyiXj to the form 

^i7i+---+^kyk-^k+iyk+i-----^r'yr 

by a real congruent transformation (cf. § 2). 

Taking i/j = x^, y2 = x^, ..., y,,^ = a;',„, we reduce the real 
quadratic form ^a^jXiXj {a^j = o^j) with determinant of rank r 

* The result of operating on a symmetric form with a congruent trans- 
formation is symmetric; for if A is symmetric, so is PAP' (Ch. I, § 10). 
Similarly the result of operating on an alternate form with a congruent 
transformation is alternate. 
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to the sum of squares (xi2 + x/ + ...4 x/); or to the foi-m 
(xj^H- ...+X;^^-Xj.+j2_..._x^2^, if we confine ourselves to 
real transformations. 

By a similar process the Hermitian form ^a^jX^Xj {aij = dj^) 
can be transformed into 



XiXi+...+X;,X,,-X,,+iX;, + i- 



2/., 



— £C,, 



taking 2/i = asi, 2/2 = «2. 
method, see § 2. 

The proof of § 4 shows that the quadratic form 

^aijXiXj{aij = aji} 

is reduced to the sum of a quadi-atic form in f^ , ^, 



For an alternative 



a quadratic form in X]^^■^, Xj. 
provided 



4 and 



"■In <*;,-2 



Xji^ by the substitution 

• + <-'-tiu^in (t — I, ^, ..., k), 






"-kk 



^0. 



Similarly the Hermitian form ^a^jX^Xjlaij = aj^) is re- 
duced to the sum of a Hermitian form in ^j, ^21 •••> ^h ^.nd 
a Hermitian form in a;j.^j, 0:^+2, ..., 
condition. 



under the same 



Ex. 1. 7f + 8e^+B7tc^-6y3+4:gx-2xi/—10xw + 12yto-3iztv 
= (-x + y-3s + 6wy—x^-g-+w^ + 2xw + 2ziv 
= {-x+y-S2 + 6tvf-{x + 2-wy+2w^ 
= {-x+y-Ss + Qwf + (V2wf-(x + s-ivf. 
The given quadratic form is also equivalent to 

{x + e-Swf + {V2{i/-2s + Uo]f-(x+y-s + 2w)% 
which is again the sum of two real squares less one real squai'e. 
Ex. 2. yz + sx+2xy. 

Here the coefficients of x^, y', z^ are all zero. 
Put x=X-^Y, y=X-Y. Then 

yz + zx + 2xy^2X''-2Y'-^2Xz = 2{X + lzf-2Y'^-y^ 



rV2 



("^ ^ ( i\ f^^ < .\ fV2 \^ 



* When On = Oj^ = ... = amm = 0, a„ ^ 0; put x^ = Xj + iXj, x, = iX^ + jr, 
(instead of x, = X^ + X,, x, = Xi-X^) if Ojj + o^, - 0; and Sj = X, + a,,X,, 
ij = - X, -i «,i X, if a^, + n,i jt 0. 
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Ex. 3. Express as the sum of squares 

ye + mx+xy— xw — yw — eio, 
xg + xu—yu + ew + tvu— yz, 
x'' + 4:y'^ + g^ + 4:xy — 2xe. 
Ex. 4. J' [iy + (l +i) 3] + y [-ix + (l-2i) g] 

+ S[{l-i)x + (^ + 2i)y]. 
Put x = X + iY, y=iX+Y. The given Hermitian form 
becomes X[-2X-j!!']+Y[2Y+(2-Si)z] + z[-X + (2 + 3i)Y]. 
Put f= —2X — g and it becomes 

Put 7j = 2r+(2-3j)^ and it becomes -iff +i'j'?-6^7. 

Put f = •/2y, T)= '/2x, £1= —77. z and it becomes xi— yy-zz. 

V 

Ex. 5. Transform into the standard type 

■r[5x-iy+(l-2i)e] + y[ix+y + i0] + S[{l + 2i)x-iy + s], 
and i {{yg - ^«) + (zx - fa;) + {xy - Fry) ] . 

Ex. 6. A quadratic form is the product of two linear factors if 
and only if its determinant is of rank 1 or 2. 



Ex. 7. Evaluate 



'-Ji Pen 
— -/: J— VI 



Ve '■'dxdydz, where Z7 and F 



are real quadratic forms in x, y, s, a, and Z7+ A-a* is always positive 
or zero ; and similarly for any number of variables. 
For instance, evaluate 

{x^-2xy-^3y'^-\-4.x-{-iy-ir\&)e-'^dxdy, 

JO 

when U = x^-2xy + 2y^ + ix + %. 

[Express the integral in terms of x, y, z, where 
Z7 = x2 + y2 + z2-A:a2. 
Then use 



E^e-^Vja; = 4 ^t. 



r e-=»'da; = -/it, \ a:e-=^' dx = 0, 

In the illustration take 

a=l, A=-l, ■s. = x-y + 2, y = j^ + 2.] 

§ 7. Reduction of an Alternate Form. 

The alternate form ^a^jy^Xjiaij = —ajf) can be reduced 
to the form 

(Xiya-x^y,) + (Xgy^-x^y.,) + {k^y^-s.^j^) + ... 
by a congruent change of variables. 



76 REDUCTION OF AN ALTERNATE FORM [III 7 

Since the form is alternate, ttj^ = ^22 = "33 = • • ■ ~ ^' 
We may suppose without loss of generality that 0,2 7^ 0. 
Put f 1 for ai,X2 + a^iX3+ ...+aji„x„^ 

Vi for -a2i3/2-«3i2/3-----«mi2/7i 
i^ for a^i x^ + a2^Xs+...+ a.;^rn^,„ 
172 for - ajjVi - ftgaJ/a - . . . - a,„,a;„ 
This transformation is congruent, since a{j = —n-^i- 

Then 2 a^ - y^a; • = — - (f , t,^ - ^^r,^) +/, 

•^ -^ f'21 
where / is a bilinear form in 

Xg , x^, ... , a;„, ; y^, y^, ... , j/,^ 
only, and is alternate.* 

The same process may now be applied to/, and so on. 
Finally put 

fi = a2i*Xi. 4 = a2i*X2' 'Ii = «2i*yi. V2 = o^2i*y2' &<■• 
This last transformation is unreal if a^^ is not real and 
positive. If a,- ■ is always real, we can perform the reduction 
by a real transformation, by taking 

fi = ai2*X2, 4 = ai2*Xi. '?! = ai2*y2. V2 = fa2*yi 
when ttji is negative, and so on. 

Ex. 1. ifi{x2-2x. + 3Xi)+y2{-Xi-x.^ + x^)+p^{2x^+X2 + 2xt) 

+ «/4(-3a-i-T2-2a;.j). 
Put $^=X2-2x^ + SXi, ■ni=y2-2y, + 3yi, 

^2 = -Xi-Xi + Xt, 7)2 = -y^-y^ + y^, 

and the given alternate bilinear form is 

-(fi'?2-l2'?i) + (2'3'^4-2'4a;3) = (xiy2-X2yi) + (x3y4-X4y3), 
where 

»i = f2 = (-^i-a;3+a;4), ^ = ^^ = (x.J,-2x, + 3x^), ls.^=x^, ■x.i=x^, 
and 

7i = n, = (-yi—yi-^yd, 72 = Vi = {y2-^y3+^yi), y,=y4,7i=y3- 

Ex. 2. Beduce to standard form 

yi (a;2-a;3) +3/2 {^3 -^i)+ys K— a;2) 

and 

2/i (^2-^j + 2a;J + 2/2 (-a;i + X , + a;^) + j/j (a;i-a;2 + Sa;^) 

+yi{-2xj-x.^-Sx3). 
* Sse footnote, p. 73. 
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§ 8. Adjoint Bilinear Forms. 
The bilinear form 



y^ 2/2 



= ^^ij^iVj 



is called the form adjoint to ^.a^jyiX:. 

A{j is the co-factor of a^i in the determinant \a\ of 
^aijViXj. 

If the rank of 2aijyiXj is <m — 2, each of the quantities 
Aij vanishes, and therefore the adjoint form vanishes iden- 
tically. 

If the rank of 2a{jyiXj is m, the rank of the adjoint form 
is also m; for its determinant is {', a| }™-i.* 

The adjoint form of the adjoint form is the original bilinear 
form multiplied by { | a | }™-2 * 

If the rank of 'la^y^X; is m — 1, the rank of the adjoint 
form is 1. 

For not all the quantities A^j vanish while 



-^21 -^ 



22 



= * &c. 



Since the adjoint form is of rank 1, it is the product of two 
linear factors (§ 3). 
Suppose it is 

(Pia:i+7'2^2 + ••• +?'m«m) (^l^/i + 922/2+ ••• +9ra2/m). 
where p, ^0, qii^ 0. 

Comparing coefficients of j/^o;, , ytX^, ..., 2/<a;,„, we get 

p^ ■.2h ■ '■■ ■Pm = -Au :^2< : ••• ■ -^wi' 
and similarly 

g-j : ^2 : ••• = ?m = ^el • -^«2 • ••• = -^sm- 

Since \a\ = 0,p^,p^, ..., p,„ and ?i, 92. •••> 7™ are the 
solutions of the equations 

* See, for instance, Burnside and Panton'3 Tlieotij of Equations, Ch. XI. 
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dojj ~ 30^2 5^ ~ ' ^ Si/i ~ S2/2 ^» ^ 

respectively; where a = I,ajjy}Xj. 

Putting 2/i = a;i, y^^ x^, ..., ym=^m^ ^ij = ^ii i"^ *^<^ 
bilinear form and its adjoint form, we obtain a quadratic 
form and the adjoint quadratic form. 

If the rank of the quadratic form a is < m — 2, the adjoint 
form vanishes identically. 

If the rank of a is m., the rank of the adjoint form is 
also m ; and the adjoint form of the adjoint form is the 
original quadratic form multiplied by {\a |}"*"^. 

If the rank of a is m — 1, the adjoint form is a perfect 

square (PiX^ + 2h^i+ — +Pm^niY> where p^, p^, ..., p,n are 
the solutions of 

Sc6 3a Set 

Similarly for a Hermitian form. 

Ex. Find the adjoint forms of 
yA'^i + X2)+yi{x^ + 2x^) and of 4:x'^-2y^-iz'^ + QyzJr&zx-2xy. 
{jfi{2xi—x^ + y.^(-Xi+X2) and -{x-by-Zzf.'} 

§ 9. Tbe Sum of Substitutions. 

Let a {x, y), b (x, y), ... , /.; (x, y) be the bilinear forms corre- 
sponding to the substitutions A, B, ..., K; and let S be the 
substitution corresponding to the bilinear form 

s{x,y)=OL.a{x,y) + fi.h{x,y) + ... + K.k {x,y), 
so that 

^ij = ««v + ^hj + ... + Kkij{i,j = 1,2, ..., m). 
Then we say that 

S=aA+fiB+...+KK. 
If 8 (x, y) vanishes identically, we say that 

aA + ^B + ... + KK = 0. 
In this case A, B, ..., K avQ said to be linearly dependent* 
It follows at once from the definition that 
P[(xA+^B) = (xPA+^PB, P(ocA + pB + yC) 

= aPA +fiPB + yPC, and so on. 

* If we cannot choose a,^, ...,« to make (XA + eB+ ... + kK = 0, A,B, ,K 
iire ' linearly independent '. ' '"'' 
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Similarly 

{ocA + i3B+,.. + kK)Q=zixAQ + PBQ + ... + kKQ. 
Again, 

FiocA + ^B+... + KK}Q= P{(xAQ + PBQ + ... + kKQ) 

^ (xPAQ + ^PBQ + ... + kPKQ. 

Ex. 1. If A, B, C, ..., K are m^ linearly independent substitu- 
tions of degree m, any other substitution S of degree m is linearly 
dependent on A, B, C, ..., K. 

[We can always find m^ quantities a., ji, y, ... , k to satisfy 
Sy = aay + ^&y+... + KA;y- (i, j= 1, 2, ..., »»).] 

Ex. 2. The powers A" ( = £;), ^i( = ^), ^^ ^^ ... of a given 
substitution A cannot be all linearly independent. 

[Use the last Example.] 

Ex. 3. If A'^ is linearly dependent on A", A^, A^, A^, ..., A'"'^, 
so are ^''+1, A""*^, A^^^", .... 

[If 4'- = ao4<' + ai^i+...+o,_i^'-\ ^'■+i=ao^i+ai^2+... 
+ ar^iA^ = a,._iA'> + {a^ + a,._iai)A^ + {ai+a,..ia2)A^ + ... 

+ (a,_2 + aVi)^^-^.3 

Ex. 4. If A", A^, A^, ..., A'' are linearly dependent, but 
J.", ^', .4^^, ..., J.' are linearly independent (l < r), there cannot 
be two distinct linear relations between J.", A^, A'^, ... , A''. 

[Elimination of A'' between them would give an equation of 
lower degree.] 

Ex. 5. A + A' is symmetric ; ji — .4' is alternate. 

Ex. 6. Any substitution can be expressed in one and only one 
way as the sum of a symmetric and an alternate substitution. 

lA = ^{A+A') + i(A-A').:\ 

Ex. 7. If A is real, AA'^ unless ^ = 0. 

[Consider the leading diagonal of J.^'.] 

Ex. 8. If each of the substitutions A, B, C, ... is permutable 
with each oi P, Q, B, ..., any linear function of A, B, C, ... is 
permutable with any linear function oi P, Q, E, .... 

§ 10. Eelations between the Powers of a Substitution. 

(I) Suppose that we have a relation 

p^A'-+p,A'-^+p.,A^-^ + ... +2^,-1^^ +p,Ao=0 
between the powers of a substitution A* 

Then we have a similar relation between the powers of any 
substitution into which A can be transformed. 

* AO = E, A^= A. 
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For if S-^AS = B, 
= p,S-'A'S+p^S-'A'-'S+... +Pr-^S-^A'S+PrS-'A'>S 

= PoB'+p^B'-^+.-.+Pr-.B^+PrB". 

by §9. 

(II) Again, we see at once from § 9 that if 

(p^X" +^i!C'-l + . . . +Pr-i«:+Pr) {qo«^ + qi^''''^ + • • ■ + ^s-l^ + 9s) 

then eoA'+' + eiA'*'-'' + ... + e,+,_^A^ + e,+,A°=0. 

(III) Yet again, we readily prove that if both 

p^A'- +p^A^-'' + ... +p,.-iA^ + PrA^ = 0, (i) 

and qoA' + q^A'-''+...+q,.:iA'+q,A'' = 0, (ii) 

then \A^ + b,A^-^+...+bi_^A^ +biAo = 0, 

where b^x^ + b^x^~^ + . . . + 6j is the highest common factor of 
PoX'+2\x'-'^ + ...+Pr and qf^x' + q^x'-'^ + ...+qg. 

(IV) It foUows at once that if both (i) and (ii) are time, 
but A°, A'^, A^, ..., A*^ are linearly independent when t < r, 
so that (i) is the equation of lowest degree satisfied by A, then 
q^x'' + qiX'~'^ + ...+qg is a multiple of PgX^+pj^x^~^+ ...+Pr. 

(V) We readily deduce that, if J. is a direct product whose 
constituents B, C, ... satisfy equations 

b,B^ + b^B^-^ + ... + b0B'>^O,c^Cy+c.,Cy-^+...+CyC^ = O,... 

of lowest degrees ; then the equation of lowest degree satisfied 
by A is 

2JaA'- + PiA''-^+...+PrA'>=0, 

where 2-'o^'' + 2h^^~^ + ...+Pr 

is the least common multiple of 

b^x^ + b^x^-^ + .-.+bp, CoXy + c^xy-'^ + ... + Cy, .... 

(VI) We now show that if A is the substitution of Ch. II, 
§ 5, Corollary I, with invariant-factors 

(X-a)«S (A.-0()«s (\-a)''3 .,., where a^>a^>a3> •••. 
(X-^)^S (\-/3)^S (\-/3)^3 ..., where 61 > 6^ > 63 > ..., 
(X-yY', (X-y)<^^ (^-y)"' ..., where Cj > fj > C3 > ..., 
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then the equation of lowest degree satisfied by A is 

where 

i?o(^-a)"'(X-/3)'"(\-y)<"... = Po\'-+Pi\'-i+|92A'-'+ - +i3,, 
so that r = ai + &i + Ci + .... 

By the preceding argument (I) it is suflScient to prove 
that the theorem is true for the canonical substitution N of 
Ch. II, § 5, into which A can be transformed. 

Now by (II), if we can prove that 
(P-a)™=P™-™CiaP'»-i + '"Cga^P'''-^- ...+(- l)'"cx'»P"=0, 
where P is 

then(Q-a)'»=0, if Qis 

where n < m. 

Hence by (V) it is sufficient to prove that (P — a)'"= is 
the equation of least degree satisfied by P in order to prove 
the property of A referred to. 

Suppose P satisfies the equation 

CoP« + CiP«-i + ...+e,_iP'+e<P«= 0. 

Then, using the value of P' given in Ch. I, § 8, we have 
the m distinct equations 

= ef + aet.i+ a-e^.j +... + «' e^ ^ 

0= e(_i + 2Ciae,_2 + ... + 'Cia'-'eo 

0= e<_2+... + 'C2a'-2eo 



We see immediately that these cannot be satisfied by 
non-zero values of e^, Cj, ..., e< when t < vi; but that they 
are satisfied by 

t = m, e„ = 1, e, = -^'C,oc, ^2= "'C,a^ ..., e,„= (-!)'»«», 



since 



«0 _'»Ci'»-iC -f'»CJ'»-''C^-™C3™-3Cp + ... 
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Ex. 1. If the characteristic-equation of A is 

A"' + aiA»'-i + 02\'»-''+ ... + a„ = 0, 
then J.'" + aiJ.»»-i + a24'»-2+ ...+a^Ao = 0. 

[This is the ' Hamilton-Cayley ' relation. It follows at once 
from § 10 (II).] 

Ex. 2. The coefficients of the equation of least degree satisfied 
by A are rational functions of the coefficients of A. 

[The equation is found by equating to zero the quotient of the 
characteristic-determinant of A by the least common multiple of 
its first minors.] 

Ex. 3. Iipf,x'^+PiX'^-^+ ... +p,.-iX+p^ = has r unequal roots, 
and P()A'^+piA'^~^+ ... +p^_iA^+prA'' = 0, the invariant-factors 
of A are all linear. 

Ex. 4. Prove the result of § 10 (VI) by using the canonical form 
of Ch. II, § 6. 

Ex. 5. If A is a characteristic-root of A, 

is a characteristic-root of 

PoAr+p^A''-■^+...+p^_lA^+p^A^ 
pt is sufficient to prove this for a canonical substitution.] 



CHAPTER IV 

APPLICATIONS 

§1. 

In this chapter -we give a few applications of the results 
obtained heretofore.* For further details we must refer the 
reader to the works mentioned in the preface. 

The Solution of Simiiltaneous Iiinear Drfferential Equations 
with Constant Coefficients. 

Suppose we have the equations 



li) 



where the dots denote differentiation with respect to a variable 
t of which x■^, x^, ..., x^ are functions, while the a's are 
constants independent of t. 

We can choose homogeneous linear functions 

en 62> •••) Cm ^^ ^1' ^2> •••> ^m 

such that, when we express cc^, x^, .,., a;„, in terms of 
fi. 4> ••• > ^m t^® equations (i) take the ' canonical ' form 

ii=>^i^i + ^iiu, + Fi{t) (i=1.2. -.m), (ii) 

where y3< = or 1 and is certainly zero if A^ z^ k^^^ (Ch. I, 
§9.) 

The equations (ii) are at once solved. For instance, suppose 
the first four of them are 

^1 = aix + ii + FAt), 4= a^2 + f3 + -f2(<). 

i = a^3 + ^4 + -P; it)> ^4 = a^4 + P,{t)- 
Then we have 

^, = e'''\/e-^'F,{t)dt+//e-<''F^it)dt'+///e-<''F,{t}dt' 

+///A-'''F,{t)di* + K, + K,± + K,^ + Z3^|, 

» See also Ch. I, § 10, Ex. 11, § 13, Ex. 4, 5; Ch. HI, § 6, Ex. 7. 
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i^ = e<^>\fe-^'F^{t)dt+ffe-'''FS)dt^+/ffe-'''FS)dt^ 

i, = e<'i{/e-<'tF,{t)dt + K,}, 

where Zj, K^, K3, K^ are the arbitrary constants of integra- 
tion. When ^1, ^2, ..., ^m ^i'6 thus expressed in terms of t, 
Xj, ajg, ... , x„^ can at once be expressed in terms of t. 

In practice, the following method of solving equations (i) is 
usually easier. 

Let (Zj, Z2 X,„) be a pole of the substitution A' 

< = «ii^i+«2i^2+---+«»>i^«i. (i = 1. 2, ..., m) 
corresponding to a characteristic-root \. Multiply equations 
(i) by Xj, Xj, ..., X„, respectively and add. We get 

i = \x + /(0 (iii) 

where ■si = X.^x^ + X^x.,+ ... + X^J^x„^* 

and /(<) = X,.F, (t) + X,.F,{t) + ... + X^. F„ (t) . 

This gives x = e^' {fe'^' f{t)dt + K} (iv) 

If A' (and therefore .4) has r distinct poles, we get r equations 
such as (iii), enabling us to reduce the system (i) to a system 
of equations in a;,, x^, ..., x^„_j.. We may then apply the 
same process to this new system. If r = m, the equations (iv) 
give ajj, ajj, •••, x,^ in terms of f directly. 

The system of equations 

hl^l + h2^2+---+Kn^m = UiiX^ + ai^X2+ ... +ai,„x,„+fi{t) 

(i=l,2,...,m) 

can be reduced to a system such as (i) by solving algebraically 
for iCi, a;,, ..., a;,„ ; or we may obtain an equation such as (iii) 
if we choose A, Xj, Xj, ..., X^ to satisfy 

{au-i^hi)X, + {a^i-\l>^f)X^+... + {a^.-Xb^^)X,^ = 

(i = 1,2, ..., m). 

Elimination of Xj, X^, ■••,X^ gives an equation of the 
'm,-th degree for A ; and when A. is obtained, we immediately 

* The qu.intUy x is sometimes called a ' principal coordinate' ; see § 10. 
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deduce X^:X^:...: X„j . Another method of solving equations 
(i) is suggested in Ex. 9 to 12 below. 

Any simultaneous linear differential equations with constant 
coeflBcients can be put into the form (i). 

Suppose, for instance, we have vi such linear equations 
connecting x^, x^ x^; x^, x^, ..., x^; iCj, aj^, ..., x^ ; 

^1) *2> •'•> ^m- 

In these vi equations put p^ for dt-^, ..., ^,„ for x^ ; r^ for 

^1 ym for *m ; ^'l f 01" a;'! , . . . , Tm for X^ . 

Solving the equations, we express rj, i\, ..., ?'„, linearly in 
terms of x^, .... a;„; pj, ...,p^; r^ ..., r,„. 

The m, equations thus found form, together with 

a^l = ^^x , a!^ ^ jP2 ' ■•• ' ""m^^ Pni ' i^i ^^ '"i) /'2^^ '''21 •••' Pill ^^ 'iH' 
a system of the type (i), which can be solved as before to 
give Xj, cCg, ... , a;,„ in terms of t. 

Ex. 1. Solve the equations 
x = x—y + 2z — 2w, y= —^y—2ic, z— — 2a: + 2«/— 3^ + 3«c, 

io = 2y + IV. 
[By Ch. I, § 9, Ex. 3, if 

f=3a; + 2^, ri = 2x+y + 2si, (, = x+e, i^=y + w, 
we have ^—-^ + V, -i = — 1, f = — C + oj, tb= — oj ; 
.-. 3x + 2z = (A +Bt)e-\ 2x+y + 2g = Be-<, 

x+g = {0+I)t)e'<, y + w = De-'.2 
Ex. 2. Solve the equations 

X = 3x + 4y + z, y= —y + z, i = —x — 3y + z. 
[Multiply by a, b, c, and add ; where (a, b, c) is a pole of the 
substitution with matrix 

3 0-1 
i 4 -1 -3 . 
11 11 

i.e. 8a— c = Aa, 4o— 6— 3c=A6, a + b + c = \c. 

The only values satisfying these equations are 
A = l, a:6:c=l:-l:2. 
These give us x—y + 2z = A^. Substitute for x in the original 
equations and we get 

y= —y + z, z = —iy + Sz — Ae'. 
Multiply by b, c, and add, where — fc — 4c = Xb, 6 + 3c = \c. 
These equations give A=l, 6:c = 2:— 1; 
.-. 2y-z = {B + At)^. 
This gives y = y—{B + At)ef or y = -{C+Bt + ^At^)e', which 
combined with x—y + 2z = Ae', 2y—z = (B + At)e* gives x, y, z."} 
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Ex. 3. Solve the equations 
x=Sx—y] x=—5x + 2y+e'] tx + 2x—2i/ = t] 
y= x + y)' y= x—Qy + e^]' ty+ x+5y = t^} 
Ex. 4. Solve the equations 
x = y+e\ x=:: —9x-8y + 2e^ x + 20x-lSy + 2ie= t 
y = g + xy y= 8x+'7y—2z\' y—15x+&y—lQz=^2t' 

x = cy—b3\ 
y = az—cxy ■ 
k = bx—ey) 
Ex. 5. Solve the equation 

{ix-Sy-5z)^^ + {-x + 2y + e)^^ = 3x-By-'ie. 

[This is a linear partial differential equation of Lagrange's 
t3rpe. The auxiliary equations are 

dx _ dy _ dz 

4:X—dy — 5z ~ —x+2y + z ~ Sx—Sy—iz 

__ adx + bd y + cdz 

~ (4a-b + Sc)x+(-3a + 2b-3c)y + {-5a + b-4c)z' 
Choose a, b, c so that 

4a-6 + 3c = Aa, -3a + 26-3c = A6, -5o + 6-4c=Ac, 
i. e. so that (a, b, c) is a pole of the substitution with matrix 

4-1 3 
1-3 2-3 

! -5 1-4 

These give A= 1 and o:6:c = l:0:— 1, 

or A = — 1 and a:b:c= — 1:1:2, 

or A= 2 and a:6:c = — 1 :1 :1. 
Hence the auxiliary equations may be written 

d{x—z) _ d{—x + y + 2z) _ d{—x + y + s) 
(x-z) ~ -(-x+y + 2z)~ 2(-x + y + z)' 
and the required solution is 

(x-z)(-x+y + 2z]=f{(x-zf-r(-x+y + z)].2 
Ex. 6. Solve the equations 

-{y + e)^+(x + 2y + z)^ = 3x + y + 4e. 
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Ex. 7. Discuss the solution of 

a; = ai^Xi + aiiX2+ ... +a,„,!r„ [i = 1, 2, ..., m). 
When will the solutions be periodic functions of ( ? 
Ex. 8. Solve the equations 

x + m^x= 0] x + 2x+2y = co3nt] 
y—m^x = 0) y+ a; + 3^ = coswn ' 
y + e + 8x—7y + 52 =y + 8x—7y+63 = x—i/—x + y= 1. 
Ex. 9. Solve the equations 
Xj =: a;2, Xj^x^, ..., x„^_^^x^, x^=^ 61X^^ + 62X2+ ••• + e^x,^, 

[We have -^ = e,x, + e2^^ + ...+e^ -^ , 

which gives x^, and then 2:2,0^, ••• > ^m are obtained by successive 
differentiation. ^ 

Ex. 10. Use the last example to solve equations (i) of § 1. 

[We suppose /i (t), f^it), ...,/„(<) zero — the method is similar 
in the case where these functions do not vanish. 

Supposing O12 # 0, 
we put aiiXi + 0^2X2 + ai3X.i+ ... +ai^x^ = ^2. 

thus obtaining 

Supposing Pii^O, 

we put Pai X^ +i)22 f 2 +P2Z «3 + • • • +I'2w2'm = f 3 > 

and so on, till we reduce equations (i) to the form 

^1 = £2) 62 = 63) •••) tr-l^V) fj- = ^l'''! ■'"^2e2+ '•• +^r£i) 
^r+1 = "r+ll^+"' + ''r+lm^m) •••) ^m == ''7nl^l+ ••• +"m»»^m' 

The first r of these equations give x^, fgi •••> fr ^^ terms of t 
as in Ex. 9. Substitute these values in the remaining m—r 
equations and repeat the process. As an alternative method we 
may reduce equations (i) to the sum of sets of equations of the 
type of Ex. 9 by the process of Ch. II, § 6.3 

Ex. 11. Solve in this way 

X = x+y, y = —x+y, i = x + 2y + z. 

[Put x+y = Y. 
Then x=Y, f = -2x + 2Y, i= -x+2Y+s. 

The first two equations give ic— 2i; + 2x = 0, whence 

x= ^(Acoat+BBint), x+y=Y 

= ^ ([A+B] cos t+[-A+B] sin i), 
and then 

si-.e= -a;+2r = e'([^ + 2.B]cos<+[-2^+B]sin<) 

gives e = ^ {C+[A+2B]am t-'[-2A+B] cos <}.] 
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Ex. 12. Solve in this way any of the equations in Ex. 1, 
2, 3, 4. 

Ex. 13. Solve the equations 

where Aj > ^2 > ^3 > ••• > ^m 

and when < = 0, Xj = a, arg = ajj = ... =a;,j = 0. 

* = n T J 

IX, = ^-,^2 ... ^"-1«X 2 (^^_^^.) ...(A,_,-ft,)(fc,,,-fc,)...fe-ftJ-3 

Ex. 14. A substance j4 decomposes giving off a substance B, 
which decomposes giving off a substance C, which decomposes 
giving off a substance 2), .... Given the time taken by any one 
of the substances to decompose to half its original bulk, find at 
any instant the amount of each substance present ; assuming 
that originally a given quantity of A is alone present, and that 
the rate of decomposition of any substance is proportional to the 
amount of that substance in existence. 

[We obtain equations similar to those of Ex. 13. For numerical 
examples see the Presidential Address of the British Association, 
Portsmouth, 1911.3 

Ex. 15. Equal particles are arranged at equal distances in a row 
and are connected by light springs each at its natural length. 
Find the periods of longitudinal vibrations, and the principal 
coordinates when the two end particles are kept fixed. 

[We have equations of the type 
Ml = a;2— 2a;i, kz^ = x^—^x^+x-^, ... , 

A^„_i = a;„— 2a?„_i + a;„_2, fl^n = ~2x„+a:,j_i. 

The solution of these by § 1 involves finding the pole of a sub- 
stitution similar to that discussed in Ch. I, § 6, Ex. 10.] 

§ 2. The Solution of Simultaneous Linear Homogeneous 
Equations. 

Suppose we have m, linear homogeneous equations in 7)1 
unknowns x^, x^, ...,x^. We can put these equations into 
the form 



iau-k)i\ + ai^X2 + ...+ai^x^ =0' 
a2iXi + {a^2-\}x^ + ,..+a2,nX„, =0 



(i). 
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where \ is any constant chosen so that the determinant 



'21 



does not vanish. 

Then there is no solution of equations (i), excluding 

■^1 =^ •''2 ^^ ■ • • ^^ •^vi ^^ " > 

unless 

(], — X a,, . . . a,,„ 



= 0. 



a„ 



a,; 



a. 



''mi "in2 • • • • "mm" 

If this relation is satisfied, a solution of (i) is 



X, '. Xo 



X^: 



— Xj : Zj 



where (Zj , X^, ..., X^) is a pole of the substitution 
a;/=a,iXi + a^2a;2+...+a^„,x,„(i = 1, 2, ..., m), 

coiTesponding to the characteristic-root A. 

The number of such poles is given by Ch. 11, § 5, Corol- 
lary V ; it depends solely on the invariant-factors of the 
substitution which con-espond to the characteristic-root \. 

In particular, if there is more than one value of 



: x„ 



satisfying (i), there is an infinite number of values. 



Ex.1. X— y— ^— 2!<; = 0j 

2x+ y + is— to=o' 

X -h ^— «tf = 0, 

x-\-2y-\-bz-^ jo = o) 

[The determinant 



A. 


-1 


-1 


-2 


2 


-\ 


4 


-1 


1 





-k 


-1 


1 


2 


5 


-A 



is divisible by (X+ 1)^ and every first minor is divisible by (A+ 1). 

IfiAS U 
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Hence the substitution of which this is characteristic-determinant 
has a singly infinite number of poles corresponding to the 
characteristic-root X = — 1, so that the given equations have 
a doubly infinite number of solutions.] 

Ex. 2. Discuss similarly 

Sa;-h2v — 4^ = 01 „ „ 



§ 3. Collineation. 

If two figures are such that each point P of one figure 
corresponds to a single point P' of the other, while conversely 
P' corresponds to the single point P, one figure is said to be 
derived from the other by a collinear, or projective, or homo- 
graphic transformation (' collineation '). First take the case 
in which both figures are 2>l(me. 

If (x, y, z), (x', y', z') are the coordinates of P, P' refeiTed 
to any two triangles of reference (one in each figure), we have 
evidently relations of the form 

x' = l^x-'rHfi-^y + n-iZ' 

y' = l^x + m^y + n^z ■ (i) 

z' = I3X + in^y + 11^2 

If we choose the triangles of reference ABC, A'B'C so that 
A and A', B and B', C and C" are corresponding points in the 
two figures, y' = z' = when y = z = 0, &c. Hence we have 
obviously mi= 'n^=n^-= l^= 1^ = 7)1^=0. When we are 
given the coordinates of another pair of corresponding points 
we can find the ratios ^j : tti^: n^. Hence a collinear trans- 
formation of one plane figure into another is completely 
determined by the correspondence between four points of one 
figure (no three of which are collinear) and four points of 
the other. 

Suppose that in (i) we replace 

^1 by ai£+6i>) + CiC. y by aJ+h^^j+c^C 2 by a^i+b^ri + CsC 
and x', y', z' by the same functions of i' , ?/', C', and then solve 
for I', »/', f , thus obtaining 

^' = Z,f+ilf,T + if,C[ (ii) 
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Then (ii) gives the relation between the coordinates (^, rj, Q, 
{$'> n\ C) of P and P' referred to new triangles of reference.* 
But if we put X and x' for ^ and ^', y and y' for -q and rj', 
and z' for f and i' in (ii), we get by Ch. I, § 5, a transform 
of (i). 

Hence a transformation of the fundamental substitution (i) 
defining the collineation is equivalent to a change of the 
triangles of reference. 

Similarly, if the figures are three-dimensional, we can show 
by taking the vertices of the two tetrahedra of reference as 
corresponding points that the collinear transformation is com- 
pletely determined by correspondence between five points of 
one figure (no four being coplanar) and five points of the other. 

It is at once evident that to any number of coplanar points 
in one figure correspond coplanar points of the othei\ Similarly, 
to collinear points correspond collinear points, to concurrent 
lines correspond concuri-ent lines, to coaxial planes (through 
the same line) correspond coaxial planes, &c. 

To four coaxial planes conespond four coaxial planes, 
forming a pencil of the same cross-ratio. 

For let u = 0, v = be the equations of two planes in 
one figure, and let u' — 0, v' — be the equations of the 
corresponding planes in the other figure. Then to thfi planes 

tt = Aj V, u = X^v, u = \^v, u = X^v 

in one figure correspond the planes 

u' = \^v', u' = X^v', u'= X^v', u' = X^v' 

in the other. But the cross-ratio of both these pencils of 

planes is (Xj - A^) (X3 - A^) -^ (A, - A^) (A3 -X^). 

It follows at once that the cross-ratios of coiTesponding 
pencils of lines or ranges of points are identical. 

Suppose now the planes whose collineation is defined by (i) 
to be superposed, and the same triangle of reference taken in 
each plane. Then P will coincide with its corresponding 
point P' ii x-.y.z =x':y': z', i.e. if P is (X, T, Z), where 
{X, Y, Z) is any pole of the substitution (i) (Ch. I, § 6). 

The number of such ' self-corresponding ' points depends on 
the invariant- factors of the substitution (i), as pointed out in 
Ch. II, § 5, Corollary V. 

* For instance, the equations of the sides of the old triangle of reference 
referred to the new triangle of reference in the figure traced out by P are 

Oji + SiV + Cii = 0, a.^x-\-b.^y-\-c^z = 0, Uj i + 63 y + CjZ = 0. 
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Transformation of (i) into a 'canonical' substitution, which 
is equivalent to a suitable choice of a new triangle of reference, 
throws the connexion between the coordinates of P and P' 
into one of the three types 

x'= OLX + y, y'— (xy + z, z'= ocz; 

x'= ax + y, y'= ay, z'= ^z ; 

x'= (XX, y'=^y, z'= yz.* 

If the collineation is of finite order, so that when we apply 
the collineation n times in succession to any figure we return 
to the original figure, the connexion between the coordinates 
can be put in the form 

x'=(xx, y'= I3y, z'=yz, 
where a, /3, y are roots of unity. 

Similarly for three dimensions. 

Ex. 1. A collineation of one straight line into another is com- 
pletely determined when three pairs of corresponding points are 
given. If the lines coincide, there are two self-corresponding 
points. 

[If X, x' are the distances of corresponding points from fixed 
origins on the lines, we have a relation of the form 
pxx' + l!>f + mx' + n = 0. 

The ranges traced out by corresponding points are, of course, 
homographic (projective).] 

£x. 2. Find the self-corresponding points and the vanishing 
points (corresponding to the infinitely distant point on the line), 
when pairs of corresponding points in a collineation of a line into 
itself are at distances from the origin 
(i) 3 and 1, —3 and — ^, ^ and —4, 

(ii) land -3, 2 and -|, -2 and -|, 

(iii) and —3, 1 and —1, 4 and 5. 

[We have respectively 

xx'-sif-2 = Q, xx'Jt2x+\ = 0, -2x + x' + Z = 0.] 

Ex. 3. If two figures are superposable, one may be derived from 
the other by a collineation. 

Find the self-corresponding points when one figure (in three 
dimensions) is derived from the other by rotation about an axis, 
a screw about an axis, or a translation. 

Show also that two figures each of which is the reflexion of the 
other in a plane may be derived from each other by a collineation, 
and find the self-corresponding points. 

* a, /3, 7 are not necessarily unequal. 
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Ex. 4. If a coUineation of space into itself is of order 2, the 
segment joining corresponding points is divided harmonically by 
a fixed point and a fixed plane, or is divided harmonically by two 
fixed lines. What are the self-corresponding points in the two 
eases ? 

[The equations defining the coUineation may be put into the 
form ^= a-^ y'^ y^ ^/^ ^^ ^^>^ _^^ 

or x'=x, y'=y, z'= —z, w'= —»('.] 

Ex. 5. What are the corresponding theorems for the coUineation 
of a line or of a plane into itself? 

Ex. 6. In a coUineation of a plane into itself pairs of correspond- 
ing points have the homogeneous coordinates (1, —1, 2) and 
(0, 1, 4), (0, 0, 1) and (1, 1, -1), (1, 1, 1) and (-1, 3, 8), (0, 1, 0), 
and (1, 0, 2). Find the self-corresponding points. 

[If (x^, y(, zl) and (a;,, j/,-, ^,) are a pair of corresponding 
points (i = 1, 2, 3, 4), equations (i) give us 

z/iliXi + miyi + n^Zi) = x/ (l-iXi + m^yi + nsZi), 
and seven other independent linear equations to find the eight 
ratios Jj : »»i : «j : Z^ : W2 ■^2'-h'-*>*6'- '"'?» remembering that we only 
know the ratios x{:y^':z{ and x^:y^:z^. In the case before us 
equations (i) become x'= x—y—z, y'=4tx—z, z'= 4x — 2y + z ; 
whose real pole is (1, 5, —6).] 

Ex. 7. In a coUineation of a plane into itself the points (1, 0, 0) 
and (0, 0, 1), (0, 1, Oj and (1, 0, 0), (0, 0, 1) and (5, -1, 4), 
(4, —2, 1) and (1, —1, 0) correspond. Find the self-corresponding 
points. 

[We have x'= 2y + bz, y'= —z, z'= —x + 4z with poles 
(4, -1,2) and (3, -1,1).] 

Ex. 8. In a coUineation of three-dimensional space into itself 
the points (1, 0, 0, 0)and (1, 0, -2, 0), (0, 1, 0, 0) and (-1, -3, 2, 2), 
(0, 0, 1, 0) and (2, 0, -3, 0), (0, 0, 0, 1) and (-2, -2, 3, 1), 
(1, 1, 1, 1) and (0, —5, 0, 3) correspond. Find the self-correspond- 
ing points. 

We have 

x'= x—y + 2z—2w, y'= -Sy-2w, z'=-2x + 2y — 3z+Sw, 

w'= 2y + w, 

with poles (X, —2, 1 — X, 2), so that any point on the line 
y + w = 2x+y+2z = is self-corresponding.] 

Ex. 9. In a coUineation of a plane into itself the points whose 
Cartesian coordinates are (0, 0) and (0, 0), (0, 1) and (0, 2), (1, 0) 
and (2, 1), (1, 1) and (3, 4) respectively correspond. Find the 
self-corresponding points and the vanishing lines of the plane. 
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[We may take z' and z unity in equations (i), so that a coUinea- 
tion of a plane in Cartesian coordinates is given by equations of 
the type ZjX + WjjH^Wi , _ \x->rm.^y-Vn.^ 

~ lx + m2/+n ' Ix + my + n 

In this case these equations become 

12a; , &x+10y 



« = „ ».. . n ' y = 



-x-^y+l " -x-2y+7 

- _ 1^_^ - ^1^ + ^/ 

""^ '^~ -a;'+12/ + 60' ^~ -a;' + 12/ + 60' 

Therefore the self-corresponding points are (0, 0), (0, — f), 

(— f, — V-), and the vanishing lines are a; + 22/ = 7, a;=12y + 60.] 

Ex. 10. Discuss similarly the case where the corresponding 

pairs are (0, 0) and (0, 0), (1, 1) and (2, -1), (0, 2) and (-2, 4), 

(-2, 0) and (2, 2). 

r^>_ ^ + y >_ x-2y ■■ 

•- a;-^+l' ^ aj-y+l'-" 

§ 4. Geometrical Movements. 

Suppose that two real three-dimensional figures correspond 
to one another in a collineation, in such a way that the 
distance between any two points in one figure equals the 
distance between the corresponding points. Then one is said 
to be derived from the other by a ' geometrical movement '. 
Suppose that there exists a real finite self-corresponding 
point 0. It may be taken as the origin of rectangular 
Cartesian coordinates. If P {x, y, z), and P' (x', y', z') are 
a pail- of corresponding points, we have a relation (i) of 
§ 3, which represents a real orthogonal substitution, since 
OP^ = 0P'\ 

This relation can be transformed (Ch. I, § 15) into 
x'= cos . x— sin . y, y'= sin . a; + cos .y, z'= ±z 
by a real orthogonal substitution, which is equivalent evidently 
to a new choice of rectangular Cartesian axes having as 
origin. 

But this new relation informs us that P is brought to 
coincide with P' by a rotation through an angle about the 
axis of z, or by such a rotation followed by a reflexion in 
a plane through perpendicular to this axis. 

Hence : — 

Any geometrical movevient leaving a point untnoved is 
a rotation about an axis through 0, or sfiich a rotation followed 
by reflexion in a plane through perpendicular to this axis. 

This result can readily be proved by geometry. 
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Ex. Any movemeut whatever is equivalent to a translation 
(without rotation) of one figure followed by a movement leaving 
one point unmoved. 

Deduce that the movements in which there is no fixed finite 
point are a translation, a screw (translation parallel to an axis 
followed by rotation about that axis), and translation followed by 
reflexion in a plane parallel to the direction of translation. 

Find the infinite fixed points in these cases. 



§ 5. Solution of a Quartie Equation.* 

The equation in t 

a^t*^ + 4a^t^ + Ga^f^ + 4a3< + a^ = 
can be solved as follows : — 

The left-hand side of the equation 

a^t* + 46*1 <^ + 6a^t^ + 4:a^t + a^ 
is equivalent to 

a^x^ + {a2—a^d)y^ + a^z^ + 2a^yz + 2 {a^ + 2af^6)zx + 2aj^xy, 
where x = t^, y = 2t, z = 1. 

Now this last expression can be expressed as the sum of hm 
squares (Ch. Ill, § 6), and can therefore be at once factorized, 
provided 

fto «i a^ + 2a^e 

ftj a^ — af^Q Og =0, 

a^ + ia^O ag a^ 

which is the well-known ' reducing cubic ' of the given 
equation f 

Ex. 1. If fl is any root of the ' reducing cubic ', prove that 
ao(ao<* + 4ai<=' + 6a2<'^ + 4o3<-(-04) 



= \aat^ + 2(ai-ir Vai^-a^a2 + a^'e)t+ .^ 

(ao<^ + 2(ai-yai'»-aoa2-|-ao^0)<+...}. 
Ex. 2. Show that, if a, A 7; ^ are ^^^ roots of the quartie, and 
^1 J ^2) ^3 tl^® ro'^*® ^^ *^® reducing cubic, 

ao(a— /3->'-t-8) = 4-v/V— «o02 + «o^. &c-i 

* See Heilermann, Zeitschr. Math. Phys., xliv (1898), p. 234. 
t See Bumside and Fanton's Theory qf Equations, Ch. VI. 
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and hence that 

ttoOL = (-ai + e^-e^-es), Oo^ = (-ai-ej + e^-eg), 
Ofly =(-01-61-62 + 63), O08 =(-01 + 61 + 62 + 63), 
where e^^ = a-^^—aaa^ + aa^B-^, &c., 

and 2616263 = 3aoaia2-2ai*-ao^a3. 

Ex. 3. Prove that 12^1 = 2(;8y + a8)-(ya+^6)-(a^ + y6), &c. 
Ex. 4. Solve the equation t*+12t + 3 = 0. 

[The reducing cubic is 45^ — 39-9 = 0, one of whose roots 
is 9 = f . The given equation becomes 

where x = f, y = 2t, = 1. 

Therefore the given equation is 

{fi- ^/Qt + S+ '/&)(t^+ ^et + B- V6) = 0.2 

Ex. 5. Solve <*+ 6<3 + 12f2 + 14« + 3 = 0, 

t* + 12t-5 =0, 

4f' + 24<3 + 24<2_28< + 3 = 0, 

i*+ Qt^- u +24 =0. 



§ e. Critical Values of SsijXiXj (i, j = 1, 2, ..., m). 

If the determinant of the real quadratic form 
2 aijXiXj (a^j = aj^) 
is of rank r, we can find by Ch. Ill, § 2, real independent 

linear functions Xj, x^, ..., x^ of Xi, a;^ x„^ such that 

2 ttijXiXj = AjXi^ + AjjXj^ + . . . + X^x/, 
where \i, X^, ..., A, are the (real) non-zero roots of 



ttji-A 



"-12 

«,., — A 



*»»! ""Ilia 

Now /S = AiXi2 + A2X2^ + 



a„ 



.-A 



= 0. 



•(i) 



, + A^x,'' cannot be critical unless 
its first partial derivatives with respect to Xj, x^, ...,x,. all 
vanish ; i. e. unle.ss Xj = x^ = . . . = x^ = 0. It will really be 

critical in this case, if and only if Aj, Aj A^ have the same 

sign. For if Aj > 0, A2 < 0, ^ is positive when 

X2 = X3= ... =x, =0, 
and negative when x^ = X3 = . . . = x^ = 0. 

Hence Saya;^a;. has a maximum value if Aj, A^, ..., A^ are 
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all negative, and a minimum value if Aj, A^, ..., \, are all 
positive ; but has no critical (maximum or minimum) value in 
any other case. 

Let /(aJj, x^, ..., a;^) be any function of a;^, x^, ..., a;,,,, such 

that l/ = i/= =lL = o 

7>Xi 3X2 '"' ''^m 

when x^ = X^, x^= X^, ..., x,^ = X^. 

Put a;i = Xi + ^i, x^=X^+^^. ..., x,„= X„, + i,„. 

Then if 
/(«!, x^, ..., a;J-/(Zi, X^, ..., XJ = Sayf^^j. + iJ. 
where iJ contains terms of the 3rd, 4th, ... degrees in 
^n ^2' •••' ^m* fi^iy^i' •••. ^m) "«^i^ ^^ critical or not critical 
when x^ = X^, x^ = X^, ..., x„, = Z„, 

according as the non-zero roots of (i) have or have not all the 
same sign; provided we may assume that Sa^-^^fj+i? has 
the same sign as Sa^-fj-f- for all values of ^x, ^2' •■•> ^m 
numerically less than a given quantity f. 

The assumption is not always justified, as may be seen 
by taking the simple example 

/ = 3x^*-4x,^x, + x^^ X^ = X^ = 0, $^ = 2^l^ 

when S Uij ^i^j = 4^1* and 2 aij ^fEj + R=- ^,*. 

The following method f is often of practical value : — 
Suppose / (x, y) is any polynomial in x and y. We can 

find its critical values as follows. Suppose -^ = -^ = 

^^ ox i>y 

when x = a, y = b. 

Then f{x, y)—f{a, 6) = is the equation of a curve with 
a real double point at (a, h). 

If a real branch of the curve goes through (a, h), then 
f{x, y)—f(a, b) changes sign whenever the point {x, y) crosses 
this branch as it moves in any manner near the fixed point 
(a, 6). Hence f{x, y) is critical when x — a, y = b, if and 
only if f(x, y)—f{a', 6) = has no real branch passing through 
the real double point (a, 6). 

To find whether such a real branch exists, transfer the 
origin to (a, b) and use Newton's diagram. 

Similarly we may discuss the critical value of any poly- 
nomial / {x, y, z) in three variables x, y, z. 

* a: I = in general. 

f Bromwich, Quadratic Invarian's, § 9 

IMS N 



98 MAXIMA AND MINIMA [IV 6 



= _\3 + 8\2_16\ + 2: 



Ex. 1. x^ + S!/^ + iz'^ + 2yz + 2zx—2xy is a minimum when 
x = ff = z = 0, 

1-A -1 1 

[ -1 3-A 1 

1 1 4-A. 

and the roots of X3-8A2+ 16\-2 = 0, which are certainly real, 
are evidently all positive 

Another method of proof is to express the given quantity in the 
form (x-y + gf + 2{ij + zf + z^ as in Ch. Ill, § 6. It is then seen 
to be a minimum, as stated above.] 
Ex. 2. Discuss 

x^ + 2xy + 2y^, x'^ + e^-2ys + 2ex + 2xy, 
x'^ + 5y''- + 4:Z^—2yz~2zx+4xy, 
x^ + 2y^ + 63^ + 12iv'^ + 2yz-2zx + 2xy-2xw, 
yg+zx + xy + xw + yw + zio. 
Ex. 3. Find the critical values of 

/{x,y) = Sx^ + 6x'y-2y\ 

[ r- = ;— = when x = y = 0, or x = l, y = —1. 

f{x, y) — /(O, 0) has real branches through (0, 0) ; but 

f[x,y)=f(l,-l) 
has an isolated point at (1, — 1), as is seen by transferring the 
origin to this point. 

Hence f(x, »/) is not critical when x = y = 0, but is a minimum 
when x= 1, y = —1.] 

Ex. 4. rind the critical values of 

7y^ + 14:ar^y + 6x'', x'^+y^ — Saxy, x{x^+y'^) — Saxy, 
2x5 + y5-5a;2«/, x* + y* — 2x'^ + 4xy—2y\ 
xhf + 6c3 (3a; + 2y), xyz + (y + zf + {x + 2)\ 
y- + 2z^ — osc* + i3^. 

§ 7. The Classification of Conicoids. 

Suppose 

S = ax^ + hif + pz^ + dw^ + 2fyz + 2gzx 

+ 2hxy + 2lxw + 2myw + 2 n^tv = 

is the real equation of a conicoid, x, y, z, xv being homogeneous 
coordinates. 

By a real (orthogonal) change of variables, S may be reduced 
to the form (Ch. Ill, § 2) 
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where 



"1) "2' "3> 


A4 are the real roots of 




a—\ h g I 

h h—Xf m 




g f c~\ n 
I m, n d — \ 



= 0. 



•(i) 



Geometrically this is equivalent to taking a self-conjugate 
tetrahedron as a new tetrahedron of reference. 

The nature of the conicoid will be determined by a know- 
ledge of the values Aj, Ag, A3, A^ 



First suppose nonjs of Aj, Aj, A3, A4 zero; 



I.e. 



A = 



h 
h 

f 

TO 



f 

c 

n 



I 

m, 
n 
d 



is not zero (is of rank 4). 

We have then three possibilities : — 



(1) 



Aj, A, 



A3, A 4 have all the same sign. Then /S = is an 



Aj, Ag, A3, A4 are positive and the fourth is 



imaginary conicoid; for S (and therefore S) is always one- 
signed for real values of x, y, z, w. 

(2) Three of 
negative, or vice versa, 

Then ^ = is a real conicoid with unreal generators ; for 
the generators of S = are 

[Aiix + (-A^iy] = Z;[(-A3)iz-^A,iw]) 
k [A^4x-(-A,)iy] = [(_A3)iz-A,iw] i 



and 



+ {-^2)h] = k[i-X,)iz-K,iw]) 



[A,ix 
A;[A,ix-(-A,)iy]= [(-A3)*z + M^«^] 



(3) Two of Aj, A2, A3, A^ are positive and the other two are 
negative. 

Then S=0 is a real conicoid with real generators. 

Next suppose one of Aj, Ag, A3, A^ (say A4) is zero ; so that 
A is of rank 3 since the determinant of S is evidently of 
rank 3 (Ch. Ill, § 6). 

Then ^ = is a cone with vertex at x = y = z = 0. The 
cone is imaginary if Aj , Ag , A3 have the same sign ; and is real 



if two 
vice versa. 



of Aj, A2, A3 are positive and the other negative, or 



Next suppose two of Aj, Ag, A3, A^ 



(say A3 and A^) are zero, 



so that A is of rank 2. 

Then S = is a pair of planes meeting in the real line 
X = y = 0. The pair is imaginary if Aj and A2 have the same 
sign, and is real if Aj and Aj have opposite signs. 
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Lastly, suppose three of Aj, \, X3, X4 are zero, so that A is 
of rank 1. 

Then /S' = is a pair of coincident planes. 

Now let 8=0 be the Cartesian equation obtained by 

putting w = 1. 

Let jLii, H2. 1^3 be the real roots of 

a — fi h g I 

h b-(i f =0 (ii) 

g f c-M 1 

The consideration of the nature of the cone 

ax^ + hy^ + cz^ + 2fyz + 2gzx + 2hxy = 0, 

ioining the origin to the intersection of the conicoid with 
the plane at infinity w = 0, leads at once to the following 
results : — 

First let A ^ 0. 



If 

D = 



a h g 

h b f =^0, 

9 f c 

the conicoid is an ellipsoid when n^, n^, M3 have the same 
sign, and a hypei'boloid when two of fx^, fi^, i^^ have one 
sign and the other has the opposite sign.* If JLI3 = (2) of 
rank 2), the conicoid is an elliptic paraboloid if /x, and ^2 
have the same sign,t and is a hyperbolic paraboloid if fx^ and 
/Hj have opposite signs. 

Next suppose A of rank 3. 

If D # 0, the conicoid is a cone. J 

If /LI3 = (-D of rank 2), the conicoid is an elliptic cylinder 
when ^1 and n^ have the same sign,§ and a hyperbolic cylinder 
when Hi and fx^ have opposite signs. 

li fji^ = 1x3 = {B oi rank 1), the conicoid is a parabolic 
cylinder. 

Next suppose A of rank 2. 

If /Xg = (D of rank 2), the conicoid is a pair of planes. 

If jiij = F3 = (^ of rank 1), the conicoid is a pair of parallel 
planes. 

* Since ax'' + by^ + cz'' + 2fyi+2gzx+2hxy is reduced to /<,x»+/ijy» + ;j,i' by 
a real orthogonal substitution, the conicoid will be one of revolution if two of 
Mn /'j I IH sre equal (and a sphere if all three are equal) on the supposition 
that the Cartesian axes of reference are rectangular. 

t A paraboloid of revolution if ^j = /<j . 

t A right circular cone if two of /«i, ^, ft are equal. 

§ A right circular cylinder if /«, = ii^. 
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It should be noticed that we are only concerned with the 
signs of Xj, A^, Xg, A,. If we reduce S to the form 

by any real transformation (for instance, by the method of 
Ch. Ill, § 6), it will follow from Ch. Ill, § 2, that the signs 
of Aj, Aj, A3, A^ are the same as those of Aj, A^, A^, A^. 
Similarly for the reduction of 

ace* + by* + cz^ + 2fyz + 2 rjzx + 2 hxy 

to the sum (or dirterence) of squares. 

Ex. 1. Find the nature of the conicoid 

[Equation (i) is A*-24A2 + 40A— 16 = 0; three of the roots of 
this equation are positive and one negative, so that the conicoid 
has no real generator. 

Equation (ii) is iJ.(ti. — l){p.—2) = ; one root of this equation is 
zero and the other two positive, so that the conicoid has two 
imaginary generators at infinity. 

Hence the conicoid is an elliptic paraboloid. 
Otherwise : write the conicoid as 

(x-\Y + (y + zf + Ay''~i:(y + lf = 0, 
and the terms of the second degree as x^ + {y + zy."} 
Es. 2. Discuss similarly 

x^ + 4:y^—g^ — 2ys—zx + 4xt/+2e = 0, 
x^ + 9y'^-6xy + 2y-4:Z = 0, 
-4:X^ + 9y'^-z^ + 3 + 4zx + ix-12y-2z = 0, 
x--iy'^-Bs'^ + 8yz + 2zx+2x = 0, 
5(x^+y^ + z^)-8ys + 6xy+2z = 0, 
2x^+3y'^ + z''-2yz-ixy + ix-4y + 2 = 0, 
2x^ + 5y^ + z^-4:xy-2x-iy-S = 0. 
[Hyperbolic cylinder, parabolic cylinder, real plane-pair, hyper- 
bolic paraboloid, elliptic paraboloid, unreal plane-pair, ellipsoid of 
revolution.] 

Ex. 3. Discuss similarly 

z^ + 2nz + 2fyz + 2gzx + 2hxy = 0, 
x^+y^ + cz^ + 2gzx + 2nz = 0, 
2yz+2zx+2xy—2x—iy—6z + d = 0. 
Ex. 4. For what value of k is 

x^ + 5y^—2z^ + kto^-6yz + 2zx—4xy + 2xic—Qyw+8zx = 
(i) a cone, (ii) a conicoid with real generators, (iii) a conicoid with 
unreal generators. 

lk=l,k<l,lc> 1.] 
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Ex. 5. A real conicoid touching the edges of the tetrahedron of 
reference can be put in the form 

a^x^ + 'b'^y^ + c^z'^ + 6:^10^ — ^hcyz—^cazx — ^abxy—^adxw 

— 2hdyw—2edzw = 0, 
and it has no real generator. 

[Equation (i) has — ICa^ft^c^d^ as the product of its roots.] 

Ex. 6. Discuss 

a-x'^ + h'^y'^ + c^z"^ + d^tv^—2bcyz—2cazx—2abxy—2adxw 

— 2 bdyw + 2 cdzw = 0, 
mnyz + nlzx + Imxy + Ipxw + mpyw + npzw = 0. 

[Cone ; no real generator.] 

Ex. 7. Find the asymptotes and centre of the conic 

a;2 - 3a:2/ + 2^/2 + 3 a; - 4j/ = 0. 
[Applying the method of Ch. Ill, § 6, we get 

a;2-3a2/ + 2/ + 3x-4y = [x-^y+lf-{^y-lf-2. 

Hence the asymptotes are (x—^y-¥%f—(^y—\f = Q, and the 
centre is (a;— |j^ + |) = (|«/— ^) = 0; i.e. the asymptotes are 
(x-y + l)[x-2y + 2) = and the centre is (0, 1).] 

Ex. 8. Find by the method of Ex. 7 the asymptotes and 
centre of Sx'^—5xy—2y^+9x—4:y—12 = 0, 

x^-xy-2y^ + 3x + 8 = 0, 
Ax^+24:xy+ 11/+ 18a;-lly-2 = 0, 
5x^-4xy + 8y^-20x + 8y-16 = 0. 
Ex. 9. Find the asymptotic cone and centre of the conicoid 

x^ + y^-z^ + 2yz + 2zx-2xy+2x-6y+2z + 2 = 0. 
[Applying the method of Ch. Ill, § 6, we get 
x^+y^-z^+2yz + 2zx-2xy + 2x-6y + 2z + 2 

= (x-y + z+lf-2(i,-zf + 2{y-lf-h 
Hence the asymptotic cone is 

{x-y + z + lf-2{y-zY + 2{y-lf = 0, 
and the centre is 

{x-y + z + l)^{y~z)={y-l) = 0, i.e. is (-1, 1, 1).] 

Ex. 10. Find by the method of Ex. 9 the asymptotic cone and 
centre of 

7x^ + 6y^ + bz^-4:yz-ixy-Ux+12y-10z + 21 = 0, 

x^ + e^ + 2zx-2xy-ix + 2z-l - 0, 

x'^ + 2y'^ + 6z''-2yz + 4:zx-2xy-2x + iy+2z+l =0. 
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§ 8. The Tangential Equation of a Conicoid. 

The condition that the conicoid (S of § 7 should touch the 
plane kx + ixy + vz + itw = 0, i.e. the tangential equation of 
the conicoid, is 2(\,;i, r, it) = 0, where 
2 (x, y, z, w) = Ax^ + By'^ + Cz^ + Dw- + 2Fyz + 2Gzx 

+ 2 Hxy + 2Lxiv + 2Myw + 2Nzw 
is the quadratic form adjoint to S (Ch. Ill, § 8). 

If the conicoid reduces to a pair of planes, the determinant 
A of § 7 is of rank 1 or 2, and hence 2 (A, y., v, -n) vanishes 
identically. 

If the conicoid reduces to a cone, A is of rank 3. Hence 
2 (A, fx, V, it) is a square, and 2 = represents a pair of 
coincident points. 

This pair is the vertex (X, F, Z, W) of the cone. For since 
the polar plane of any point with respect to a cone passes 
through the vertex of the cone, x = X, y —T, z = Z,w = W 
is a solution of 

<>X "hy t)2 "bw 

Hence by Ch. Ill, § 8, 

Ex. 1. The tangential equation of a conic which is a line-pair 
represents the intersection of the pair twice over ; unless the two 
lines coincide, when the tangential equation is an identity. 

Ex. 2. Interpret the results of § 8 and Ex. 1 geometrically. 

[For instance, any plane touching a cone passes through the 
vertex ; so that the equation 2 = cannot represent anything 
but the vertex. But 2 is of the second degree in A, fx, v, tt, and 
therefore 2 = must be the vertex twice over.] 

Ex. 3. If we change the equation of a surface by operating with 
a substitution A on the variables x, y, z, w, we obtain the new tan- 
gential equation of the surface by operating with A'~^ on X, y., v, ir. 

§ 8. Belations between Two Conies. 

It was pointed out in Ch. Ill, § 1, that if we transform the 
quadratic form 

p,(a^j-\bij)xiXj, where ay = Uj^ and 6y = bj^, 

into '"' I,,{cij-\dij):siiKj 

by suitable change of variables, the determinants of the 
original and transformed quadratic forms have the same 
invariant-factors. 
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Take now the case of three variables x,y,z; and let 
S = ax^ +hy^ +cz'^ +^fyz +^gzx + Zhxy, 
S'= aV + by + c'z^ + 2fyz + 2g'zx + 2 h'xy. 

If the conies S = 0, S'= have the relation shown in the 
third column of the appended table, it is possible by a suit- 
able change of variables (i.e. a suitable choice of triangle of 
reference) to transform S into ^ and S' into a-', where (t and 
a are given in the second column. 

The invariant-factors of the determinant of <t — Ao-' given 
in the first column of the table are obvious by inspection, and 
they are the same as those of the determinant of S—KS . 

Since column 1 gives every possible combination of in- 
variant-factors, and column 3 every possible relation (of the 
kind considered) between the conies when S' is non-degenerate, 
we may conclude conversely that a knowledge of the invariant- 
factors of the determinant of S—\S' gives us the relation 
between the conies. 



Invariant- 
factore. 


Simplified equations. 


Relation between conies. 


(A-a) 
(A-/3) 
(A-y) 




No special relation. 


(A-a) 
(A-a) 
(A-^) 

(A-a) 
(A-a) 
(A-a) 




Conies haye double contact. 


a- =(xsc^ + (Xy^ + (xe^ 


Conies coincide. 


(A-a)2 


cr = 2(xxy+y'^ + ^e'' 
(T'=2xy + g^ 


Conies have single contact. 


(A-a)2 
(A-a) 


(r = 2axy+y^ + (xe^ 
"'^^xy + g^ 


Conies have four-point con- 
tact. 


(A-a)3 


a = (x(2xe+y'^) + 2ye 
(T'=2xz+y^ 


Conies have three-point con- 
tact. 



A similar method can be applied to two conicoids.* 

♦ See also Ch, IX, § 3, Ex. i. 
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For the sake of completeness a table of the results is giver, 
adapted from Bromwich's Quadratic Invariants, p. 46. 



Invariant- 
factors. 



(\-0() 

(\-l3) 
(K-y) 
(K-b) 



Simplified equations. 






(A -a) 
(\-tx) 

JA-V) 

(A -a) 
(A-/3) 
(A-/3) 



o- = (xx^ + a.y^ + fiz^ + yio^ 



Relation between conicoidb. 



No special relation. 



Coniccids meet in two 
conies. 



(A- a) 
(A-a) 
(A -a) 
(A-/3) 



(A-a) 
(A-«) 
(A-«) 
(A-a) 



(A-a)^ 

(A-jQ) 

(A-x) 



<T = txx^ +ay- + i3z^ + i3ic- 
(r' = x^ + 1/^ + z- + iv^ 



Conicoids liave four genera- 
tors in common. 



a- = (XX^ + CXp^ + a.z'- + ^W- 

o's x^+y^ + z^ + tc^ 



o- = (XX- + cxy^ + ocz^ + ocw^ 
cr'= x^+y^+e^ + w^ 



a = 2(xxy+y^ + l3z^ + yw^ 
a'=2xy + z^ + to^ 



(\-Ocf 

(A-«) 

(A-p) 



{\-Ocf 
(\-l3) 



(\-olY 

(A-a) 

(A-a) 



(A-a)2 



Conicoids have ring-con- 
tact. 



Conicoids coincide. 



Conicoids touch at one 
point. 



(7 = 2oixy + y^ + as^ + l3ii^ 
<r'= 2xy + z^ + tv^ 



a = 2(xxy+y^ + t3s^ + ^iv'^ 
a'=2xy + z^ + u^ 



(7 = 2(xxy + y^ + az^ + (xic- 
(j'= 2xy+z^ + w^ 



(T = 2ocxy +y^ + 2 ^zw + tc'^ 
o'= 2xy + 2ztc 



Conicoids meet in two conies 
which touch. 



Conicoids meet in a conic 
and two generators in- 
tersecting on the conic. 



Conicoids touch along two 
generators. 



Conicoids meet in a genera- 
tor and a cubic. 
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Invariant- 
factors. 


Simplified equations. 


Belatiou between conicoids. 


(X-af 


<r'= 2xy + 2ew 


Gonicoids meet in four gene- 
rators, two of which coin- 
cide. 


{K-ocf 


cr = a {2xz + /) + 2ffe + /Sw^ 
'^'= 2xg+y^ + iv^ 


Conicoids have stationary 
contact at one point. 


(X-a)3 
(X-a) 


<T =a(2a;«-(-y2)-t-2«/«4-aw^ 


Conicoids meet in a conic 
and two generators which 
meet on the conic and 
whose plane touches tlie 
conic. 


(X-a)* 


<T=.a.(2xw + 2ye) + 2yw + g^ 
i/=2xw + 2yz 


Conicoids meet in a genera- 
tor and a cubic touching 
the generator. 



Ex.1. S = 3?-s'^-\-2zx-\'2yz = 0, S'=x^ + Zs'^->t2gx-2yz = 0. 
[The determinant of S— XS' is 

1_X 1-X 

1-fX =(X-1)(X + 1)2. 

1_A i+\ -1-3X 

X + 1 is a factor of each first minor ; therefore the invariant-factors 
are X + 1, X-fl, X — 1, and the conies have double contact.] 

Ex.2. S = f + 2yz-g^ + 2xe = 0, S'= y^ + 2xz :=0. 

[The determinant oi S—^S' is 

1-X 

1-X 1 =(X-1)3. 

1-X 1 -1 

X — 1 is not a factor of each first minor. The invariant-factors are 
(X — 1)' ; and the conies have three-point contact.] 

Ex.3. 

S=6x^-y^ + 2z^ + 6yz + 4:xy=0, S'=Bx^-y^-s^-6zx-2xy=0. 

S=x^ + 2zx-yz=0, S'=x^-Bz^ + 2zx-Ayz= 0. 

S=y'^-ixz-8e^ = 0, S'=y^ + iyz + 4z^ + 2xz=0. 

S=x^+y^-z^ = 0, S'=2x^+y^ + 2xz = 0. 

S = x^ + y^-yz-zx = 0, S'=x^ + 3y^ + z^-iyz-2zx=0. 

[No contact, double contact, simple contact, four-point contact, 
three-point contact.] 
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Ex. 4. 

S'=5x^ + 2y^ + 3z'^+5w'^ + izx-ixy + ixtv-6i/w—2zw=0 \ 
S =yz—xiO = 0, /S"= yz + xw = 0. 

S =-ix^ + Sw^-'Lyz-8zx-4:XW-2yio-12zw = ] 

S'=4:X^ + y^ + 5z^+-2w^ + 'iyz + 8zx+Qxy + 4:Xio + 2yio + 2zw=o\ ' 
S =x'^-3xy + 2y^ + 2zw = 0, S'=2ai? + xy-Bj^ + 2zw=0. 

[Ring-contact, four generators in common, contact at one point, 
contact at two points.] 

Ex. 5. The conies 5 = 0, S'= have a common self-conjugate 
triangle if and only if the invariant-factors of the determinant of 
S— AS' are all linear ; and similarly for conicoids. 

§ 10. Small Oscillations about a Position of Equilibrium. 

Suppose a dynamical system is oscillating about a position 
of equilibrium. 

Let the configuration of the system be known when the 
values of the 'generalized coordinates' x■^, x^, ..., x^ are 
given ; which coordinates vanish when the system is in its 
position of equilibrium. 

Then the kinetic enei'gy T of the system is approximately 
of the form 2 6^ • x^x■ , and the work U done by the forces 
acting on the system when it is displaced from the position 
of equilibrium to its actual position is approximately of the 
form ^a^jXfXj* 

Now f ='2bijXiXj is essentially positive. 

Hence (Ch. Ill, § 6) we can find real linear functions 
^1. ^2. ••■' fm of ^i> *2' •■•,^m such that Tbecomes 

while U becomes a quadratic function of i^, ^3, ... , f^- 

Now (Ch. Ill, § 2) we can find real linear functions 
X,, X2, ..., x^ of ^i, 4, ..., $m' and therefore of x,,x.„ ..., a;,„ 
such that T=ii'' + $^''+... + ij becomes i,'2-fi/ + ... -t-i » 



2j.Xir2j. 4.A Tr2 



Hi • 



X 



m 



while U becomes A,x,^ + ^2^2 + • • • + ^ 

By Ch. Ill, § 1, the determinants of the forms 

2Aix/-X2x/ and laijXiXj-k^bijX^Xj 
are the same except for a constant multiplier. 

* See Ronth's Rigid Dynamics, i, Oh. IX. a^j = aj;, bij = 6;^. Dots denote 
diSerentiation with respect to the time t. 
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Hence \j, Aji ■••) ^m ^''*^ *'^® roots of the equation 
' «n — '^^1 «i2-''^^2 • • • «lm —^Kn 

«!21 —^^21 «22 — ^^2: • ■ "2m —^hm 



^ml ""ml '^m2~"''m2 • • • "hiik '^"inm 

Now applying Lagrange's equations 

^V— "I- — - — 



= 0. 



to r = ii2 + i/+...+i,„2^ t^=A^Xl2 + A2x/+...+A,„x,„^ 
■we get X; = A,.Xi (i = 1, 2, ... , m) ; 

whence x^ = A^ cos ( >/ — A^-i + a^), if A,- is negative, 
or X; = ^ J- cosh ( v^A^i + 0(^), if A^ is positive, 

where A^ and a^ are constants. 

Hence the system, when slightly displaced in any way from 
the position of equilibrium, will oscillate about that position 
with a motion compounded of simple harmonic motions of 
periods 

277/ v/^, 2^T/^/^, ..., 2tt/^^^„ 

if and only if A,, A^, ..., A„j are all negative; i.e. if U is 
a maximum in the position of equilibrium (§ 6). 

If one or more of the quantities Aj, Ag, ..., A„( is positive, 
the position of equilibrium is unstable. 

Quantities such as x, ,x,, ...,x„j satisfying a relation of 
the form x^- = A^x^ are called ' principal coordinates ' of the 
motion near the position of equilibrium. They may be more 
easily obtained in practice by applying Lagrange's equations 

to r = 2 bijXiXj and U = I, ciijOCfXj . 

We thus get m equations 
bi,x^ + h;2X„+ ...+bi„,Xi,„ = a;,a;i + a,.2iC2+ ... +a,-,„a;,.,„, 
which may be solved as in § 1. 

Ex. A uniform rod of length 2a hangs from a fixed point by 
an inelastic thread of length f a fastened to one end of the rod. 
Find the periods of small oscillation in a vertical plane about the 
vertical position of equilibrium. 

[Let m be the mass of the rod, 6 and <^ the angles which the 
thread and rod make with the vertical. 
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Then r=wa2[^e2 + f ^<|)cos(9-(^) + |(^2]^ 

U= mo(7(f cosfl + cosc/)— I); 
or approximately, since 6 and (^ are small, 

T = ma^ (f-^ e^ + ^e^ + 1^), U = mag ( -f^^ - \ <t>')- 
Hence the periods are 2i:/'v/-A^ and 2ir/V'-A2, where Aj and 
Ao are the roots of 



-i9--TS<^^ -faA 



-faA 



-^9-%a\ 



= 0, i.e. (2aA+15^)(2aA+^) = 0.] 



Other examples will be found in text-books on Mechanics. 



§ 11. Thomson's and Bertrand's Theorems. 

If, as in § 10, 

T=J.bijXiXj {i,j= 1,2, ..., m) 
is the kinetic energy of a moving system, 



b, 



ih 



hi h-2 



'klc 



¥=0. 



For otherwise T would vanish when 

^4+1 = ^/f+2 = ••■ — ^m = 0, 
but not all of Xj, Xj, ..., ^^ = 0; which is impossible from 
the dynamical meaning of T. 

We can therefore, by Ch. Ill, § 4, express T as the sum 
T-^ + T^ of a quadratic function T^ in ^j, fg. •••> ^u and a quad- 
ratic function T^ in Xj^^.^, Xj.^.^, ■■■, x,,^, where 

^t= bt^x^+^^x^+... + h,„,x.„, (i = l, 2, ...,k). 

Neither T^ nor T^ can be < for non-zero values of the 
variables concerned by the dynamical meaning of T. 

Suppose now the system was started from rest by impulses. 
We may choose our generalized coordinates so that the 
velocities of the points at which the impulses are applied are 
given by the values of x^+x, ^jc+2' ■••' ^m while the values 

of i'l, cc^, ..., Xj or of ^,, 4) •••> 4 gi^® ^^^ initial velocities 
of other points of the system. 

Applying Lagrange's impulse-equations to T when T is 
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expressed in the form T^ + T^, we get in the actual initial 
motion 

i = i,= ...= ik = 0, so that r,= 0. 

Suppose the system had heen started in any other manner 
so that the points of application had the same initial velocities. 
Then T^ would have the same value as before, but Tj is > 0. 

Hence we have Thomson's Theorem : — 

' If a system is started from rest by impulses, the initial 
kinetic energy is less in the actual motion than in any 
possible motion in which the points of application of the 
impulses have the same velocities.' * 

Similarly we have Bertrand's Theorem : — 

'If a system is acted on by impulses, then the kinetic 
energy of the system in the actual subsequent motion is 
initially greater than if the system had been subjected to 
additional smooth constraints and acted on by the same 
impulses.' 

We may suppose that the generalized coordinates were 

so chosen that Xj^^.-^, x^^^ x^, which can vary in the 

actual motion, must be constants when the additional smooth 
constraints are added. Putting T in the foim T-^ + T^ as 
before, we see that Lagrange's impulse-equations give the 
same values of ^1,^21 •■•■>^Tc ^^^ therefore of T^ whether 
the additional smooth constraints are added or not. But T^ 
is zero when the constraints act, and is greater than zero 
(in general) in the actual motion. 



Ex. A uniform rod AB of length 2a and mass m rests on a smooth 
horizontal table. If it is struck by a blow of magnitude P at A 
perpendicular to its length, about what point will the rod begin 
to turn ? 

[(i) Suppose A begins to move with velocity v and the rod 
to turn with angular velocity 10. Its kinetic energy is 



m 






which is a minimum, taking v fixed, when o) = 3t>/4a. This is 
therefore the relation between u> and v in the actual initial motion ; 
so that the rod begins to turn about a point dividing AB in the 
ratio 2:1. 

* It is sufficient to prescribe the component-velocity of each point of 
application in the direction of the corresponding impulse. 
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(ii) Suppose the rod pivoted at a point C distant a + x from A. 

Taking moments about C we have P (a + a;) = ^ {a^ + 3x^)co, so that 

o 

the kinetic energy of the rod is 

gl«+o^j 2m(a2 + 3x2) 

This is a maximum, taking P tixed, when x = -J o ; so that the 
rod begins to turn about a point distant a + ^a from A, as found 
in (i).] 

Other examples will be found in text-books on Mechanics. 



CHAPTER V 

SUBSTITUTIONS PERMUTABLE WITH A GIVEN 
SUBSTITUTION 

§ 1- 

Given a substitution A, we shall find all substitutions 
permutable with A. They are infinite in number. 

It" 5 is any substitution permutable with A, so that 
AB=BA, then S'^AS .S'^BS = 8-^BS .8-^AS, or S'^BS 
is permutable with S~^AS. It suffices therefore to find the 
substitutions permutable with any substitution iV into which 
A may be transformed. The substitutions permutable with iV 
will be transformed into the substitutions permutable with 
A by the substitution transforming iVinto A. 

We shall take for iV the canonical substitution into which 
any substitution may be transformed (Ch. I, § 9). 

It is x/ = K'^'i + l3iXi+^ (i = 1, 2, ..., m), 

where /3,- = 1 or 0, and is certainly if A.^ ^ X^^j (/3^ = 0). 

§ 2. Substitutions permutable with a Canonical 
Substitution. 

LetC 

x/ = c,iXi + Cf^x^ + . . . + Ct,„x„, (< = 1 , 2, . . . , m) 
be any substitution permutable with N. 

Equating the elements in the i-th row and ^'-th column of 
the matrices of C7iV" and NG, we have 

^ij^j+%-_i/3^--i = Cj/^i + Ci+ij/Si, (i) 

or writing out in full for ^ = 1, 2, ... , m 



.(ii) 



Suppose now, for example, 
^=^2='^3=\,/3i = ^2 = /33 = l, ;8,= 0; but A,:5tX„X(,, .... 



V2J 
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Taking j = 5,6,7, ... the equations (ii) give 






■^5) = -<'25 
■K) = -C35 



whence 



035(^1- h) = - 






3(\-'^6) = '"^o^5 



''is — ^23 — ^^35 — "^45 — *^> 



= 0, ... 

whenever 



'26 ~ ''36 "~ "-46 

The method is general and gives us c,v = 0, 

Hence if iV" is expressed as the direct product of con- 
stituents iV^j, iVg) -^3> ••• "whose characteristic-determinants 
are (a — X)", — X)^ (y—X)", ..., where no two of a, j3, y, ... 
are equal, then any substitution permutable with N is the 
direct product of a substitution on the variables affected by 
iVj, a substitution on the variables affected by lYj, a substitu- 
tion on the variables affected by iV, , .... 

Of course, If-^ is in general itself the direct product of 
substitution of the type 



•/.-i ■^— Ul •*/■• T~ *^o% 



x, = <xx. 



but each of the constituents of N^ has only a as characteristic- 
root; and so for R^' -^3> 

we have from (i) 



If \- = ^j, 



^ij-lPj-l — ^i+ijPi- 



Hence 

Cij-i=Ci+^j when /S^ = 1, pj_^ = 1 ^ 

Cij., = when /3,. = 0, /3;_i = 1 .* (iii) 

Ci+ij=0 when ^^ = 1, ^;-i = ) 
Consider, for instance, the case in = 8, 
Ai = A2 = ... = Ag = a, /3i = ^2 = ^3 = |3^=l, ^, = 0, 

13, = 13, = 1, 13, = 0, 
so that iV has the matrix f 



.(iv) 



a 


1 























a 


1 























Oi 


1 























a 


1 























a 


























(X 


1 























a 


1 























a 



' In these equations /3(, = Pm = 0. 

t The zeros are put in small type to emphasize the non-zero elements. 
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/3i = 1 when i = 1, 2, 3, 4,6,7; pi = when i = 5, 8. 
/J,-., = 1 when j = 2, 3, 4, 5, 7, 8 ; fij_, = when j = 1, 6. 
Hence from (iii) 



^11 ~ "22 — "^aa— ^44 — ^65' ^^12 



— C23 — C34 — C45 , Oj3 — C24 — C3J , 



21 



= c„„ 



= Co, = r,, = c=. , 



— ''52 > 



0=c, 



'(J7 ~ "^"S- 
= ^76 = ^8-' = ^86- 
'^16 ~ ^27 ^^ ^38' *'l7 ^ ^28- 
^ ~ ^26 ~ '^37 ~ ^48' ^ ~ '"3c ~ ^47 



C3S-0 = ''46=<'o7> = r-„. 



— 0,2 — ''73 — '^84' " — '^el — ^^72 — '"sai — Cyj — Oj2) — ^81 • 

Hence the matrix of any substitution permutable with N is 



of the type 



a h 
o a 



(de 

h c d o 

a h c o 

o u h o 

o U o 

1 m n p 

o o I o 



f fl /' 

/■ g 

° / 

o o 

o o 

q r 

P 9 

o p 



■(V) 



The reader will notice the diagonal arrangement of equal 
elements in the matrix, and the positions of the zeros. 
As another illustration, take N with the matrix 



.(vi) 



a 


1 























a 


1 























a 


























a 


1 























a 


1 























en 


























a 


1 



o o o o a 
The general substitution permutable with N has the matrix 
abcdefgh 
oabodeog 
ooaoofZoo 
j k I m n ]) q 
i j o I m, o p 
o i o o to o 
V a a t u V v: 



.(vii) 



t 



I 



V 
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We see that, if N has a pair of constituent substitutions of 
the types 

a'/ = (XXi + x^, ..., x',..^=ax,.i + x„ x,' = (xxJ ^ ^ ^ 
a-/ = ax^ + x.^, ..., a;',_i = ax,_i + a;„ x/ = olxJ' " '' 

then the matrix of the general substitution permutable with N 
has corresponding square arrays of the form 



«. 
u. 



1 ° 

1 • • 
1 . • 

1 

i o . 




o b^ «>2 h 

O O 6j &2 
O O O 






«- 
'' 

h 



8-1 



each with s arbitrary coeflGlcients. 

It very readily follows that the substitution A of Ch. II, 
§ 5, Corollary I, with invariant- factors 

(X-a)"', (\-a)«», (X-a)°», ..., where «i > a2> a3> ..., 
(X-^)'", {f^-Pf', (A-ZS)"", ..., where b^>b^>b^> ..., 
(X_ y)"', (\-y)<", (X- yY', ..., where Cj > c^ > Cj > .... 

is permutable with a fc-ply infinite number of substitutions 
where 

+ {b^ + b^ + b., + b^ + ...)+2{b^+2b^ + 3b^+...) 

+ 

or 

k = {u, + Sa^ + oa^ + 7a^ + ...) + (bi + U^ + oh., + 7b^+ ...) + .... 
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Ex. 1. Any substitution permutable with 

is of the type given in Ch. I, § 2, Ex. 8 ; and any two such 
substitutions are themselves permutable. 

Ex. 2. The substitutions permutable with 
a-i'=a-2, X2'=x.i, ..., «'„_!= a;,„, x„'= 61X1 + 62X2+ ... +emX„, 
are m-ply infinite in number. 

Ex. 3. If every substitution permutable with A is of the form 
2}qA° + PiA^+P2'^^+P3-^^+ ■■■! ^ single invariant-factor of A 
corresponds to each distinct characteristic-root of A ; and con- 
versely.* 

[It is sufficient to prove the theorem when A is in canonical 
form.] 

Ex. 4. The only substitutions on x^, X2, ..., a'„j permutable 
with every permutation on x^, a'2, •.., x„^ are those of the form 
Xt'=/iXi+... + ^Xf^.i + <xxt + lJxt^i+...+^x,^ {t=l,2, ...,m). 
[If A is permutable with the ' transposition ' 

Xi ^ X2, a'2 = a,'j , x^ = x-j, ... , a;„j = ,' ,„ , 

ail=a2i) *'l2^^^2lJ ''l:;^f'23i "14^^*241 '"J ^31 ^^"321 '*41^^''42! •••• 

Hence, since A is permutable with every transposition, the result 
follows.] 

Ex. 5. If A has a single invariant-factor, there are exactly 
q substitutions B such that B^ =A. 

[It is sufficient to take A in canonical form C 

Xi=cxxi + X2, ..., ^,,(-1= 0'-''„i-i-t-a',„, a'„j = aj"„(. 

Now if Bi = C, B is permutable with C and therefore takes the 
form 

Xi= axl + hx2 + cx^+dx^+ ..., ^2'= ax2 + hx^ + cXi+ ..., 

• • • ' •*■»! — C^m • 

The g-th power of this substitution is given in Ch. I, § 3, Ex. 13. 
Identifying it with C, we have 

ai-a, qa9'^b = l, qca9-'^ + ^q(q-l)b^a9-^ = 0, ..., 
which gives q values for a, and, when a is chosen, unique values 

for b, c, d, 

It follows from Ch. I, § 3, Ex. 13, that 2)2 = C, if B is any one 
of the q substitutions 

Xj'= oc^Xi + ki(x''-'^X2 + Jc2(x''-^X3+ ... , 

X2=(x''X2 + 7ci(x''-'^X2 + k2(x>'-^X3+..., ..., a-,„'= a'%„ 
where lc, = k(k-l)...{k-r+l)^rl, and kq = I."} 

* This result is due to Cecioni : Atti Reale Accad. dei Lincei xviii (1909") 
p. 566. ^ ^' 
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Ex. 6. Discuss the case in which A has more than one distinct 
characteristic-root, but only a single invariant-factor corresponding 
to each characteristic-root. 

Ex. 7. If A has more than one invariant-factor corresponding 
to a given characteristic-root, the number of substitutions B such 
that Bi =A ia infinite. 

Ex. 8. Find the value of k if ft-ply infinite substitutions are 
permutable with A, where A is the substitution of Ch. I, § 6, 
Ex. 6, 7 ; § 9, Ex. 1, 3, 4, 5, 6. 

Ex.9. Find the substitutions on ajj, a-g, ..., x,„ permutable 
with (a;,„, a;,„_i, ..., x^, x-^). 

[The matrix of such a substitution is symmetrical about its 
centre. Hence their number is ^ w^-ply infinite when m is even, 
and ^(w^-f- l)-ply infinite when m is odd. 

Verify that this agrees with the result at the end of § 2.] 

Ex. 10. Find the substitutions on Xi, x.^, .., x„^ permutable 
with (x^, X3, ..., x„„ xi). 

[Any cyclant substitution of type I ; see Ch. I, § 2, Ex. 7. 
Hence their number is jn-ply infinite. 

Verify that this agrees with the result at the end of § 2.] 

Ex.11. Find the substitutions permutable with (or— &^, hx + ay), 
where b ^ 0. 

[Any substitution of the same type.] 

Ex. 12. Show that the determinant (vii) of § 2 factorizes into 

o d 3 ., 
± i I ""''' 
and that a similar process applies in general. 
[Cf. Ch. VI, § 4, Corollary II.] 

Ex. 13. If the substitution J. of § 2 can be transformed into 
a given substitution B, it can be so transformed by a /v"-ply infinite 
number of substitutions. 

§ 3. Snbatitutions permutable with every Substitution 
permutable with a given Substitution. 

We shall now find the substitutions permutable with every 
substitution permutable with the given substitution A at the 
end of the last section, and show that they are i-ply infinite 
in number, where 

/j = «i + Z>i + Cj + .... 

As in § 1 it will suiBce to take A in canonical form N. 
Suppose, for example, that iV has the matrix (vi) of § 2. 
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One substitution permutable with iV has the matrix 



1 

a 



o 
o 
o 

1 

1^ 

o 
o 



o 
o 
o 

o I 
o { 

1 



.(viii) 



and therefore all the required substitutions, being peiinutable 
with the substitution with matrix (viii), have a matrix of the 
type obtained from (vii) by putting d, e,f, g, h, i,j, k, p, q, r, 
fr-, t, u all zero. 

Moreover, since the substitution now obtained has to be 
permutable with the substitution with the matrix obtained 
from (vii) by putting d, e,f, g, h, p, q all unity, and i,j, k, r, «, 
t, u all zero, we readily prove that in the required matrix 
a = I = V, b = in = w, c = n; so that a substitution per- 
mutable with every substitution with matrix of the type (vii) 
is of the type 



h 
a 
o 

o 
o 



,(ix) 



The reader will notice the diagonal ai-rangement of the 
equal elements. 

Conversely, it is at once verified that every substitution 
with matrix of the type (ix) is permutable with every sub- 
stitution of the type (vii). 

The method used is general and establishes the result stated 
at the beginning of the section. 

As another example, every substitution permutable with 
ajl substitutions with matrix of the type (v) has a matrix of 
the type 



a 


h 


c 


d 


e 


o 





o 





a 


h 


c 


d 


o 


o 





o 





a 


b 


c 


o 


o 











o 


a 


b 


o 





o 





o 


o 





a 


o 


o 





o 


o 


o 


o 


o 


a 


b 


'■ 














o 


o 


a 


b 





o 





o 


o 





o 


tf . 



CHAPTER VI 

SYMMETRIC, ALTERNATE, AND HERMITIAN 
SUBSTITUTIONS. 

§ 1. Expression of a Symmetric Substitution in the 
form BB'. 

We showed in Ch. I, § 10, that, if .4 is a symmetric sub- 
stitution and B is any substitution, B'AB is symmetric. 

In particulai-, taking A as the unit substitution E, we have 
B'B (and BB') symmetric. 

Conversely, given any symmetric substitution A we can 
find B so that A = BB'. 

For suppose that 2 aijXfXj when expressed as the sum of m 
squares, as in Ch. Ill, § 6, takes the form 
(6,iXi + b^x^+...+ bi„,x,„f + (621 a;i + b^^x^ + ...+ b^,„xj^ +... 

Then B is the substitution 

x/= bf^Xi + bt.^x^+... + bf„,x„, {t = 1, 2, ..., m). 
For if we operate with this substitution on 

we get ^a^jX^Xj. 

But the result of operating in this way is, by Ch. Ill, § 1, 
the quadratic form corresponding to the substitution BEB' 
or BB'. 

Similarly, if j4 is a positive Hei-mitian substitution, we can 

find B so that A - BB'. 

If 2 afjCCfX: is not positive, but can be transformed into the 
type(Ch.-'m:§2) 

ilil + •••+^k^k~ ^k+ 1 ^+1 — • • • — im im > 

we can find B so that A = BMR, where M is the multipli- 
cation 

.Tj = ir,, .... Xj. = Xj., a:;. + j= — a^/c + i, 
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Ex. 1. Find B so that BB'=A, where A is 

{x—y + z, —x — '2,z, x — 2y + z). 
lf + z'^-iyz + 2zx-2xy = {x-y + sf + [iy + ief + s'^- 
.-. A = BB', where B = {x—y + z, iy + iz, z), 
as is immediately verified.] 

Ex. 2. Find B ao that BB'=A, where A is 

{x-y, —x + 5y), {x + y + 5z, x + 2z, 5x + 2tj), 
(x + y + tv, x—z, —y—2iv, x-2z + 2w). 

Ex. 3. Show that if A and C are two given symmetric sub- 
stitutions, we can find a substitution B so that A = BOB'. 

[If A = PP' and C= QQ', B = PQ-K^ 

Ex. 4. If A is (a;+2/, a; +10?/) and C is {ix-2y, -2x + ^y), 
find B so that ^ = BCB'. 

Ex. 5. The product of two Hermitian substitutions, one ol 
which is positive, is transformable into a multiplication. 

[If A and B are Hermitian, and B is positive, we can choose Q 
so that QBQ'= E. 

Then ^£ is transformable into Q'-^ABQ'— Q'-'^AQ'^, which is 
Hermitian and therefore transformable into a multiplication.] 

Ex. 6. The product of two real symmetric substitutions, one of 
which is positive, is transformable into a multiplication. 

Ex. 7. Find B so that A = BMB', where 

A ^1 (Xi, x^, X2, Xj) and JH z= (Xi, x^, x^, x^j. 
{x^x^■l^X2a'^ + x^X2J^x^x^ = (Xl + lx^)(x^^+^x^) 

Hence B={x^ + ^Xi, x^ + ^x^, x^-^x^, Xi-lx^^l 

§ 2. A Condition that N should be Transformable 
into A, where AE is Symmetric. 

Suppose P-^NF=A and PKP'=C. Then, if AK is 
symmetric, so is NO ; and, conversely, if NG is symmetric, 
so is AK. 

We adopt the usual notation, so that A is the substitution 
x/=a,^x^-i-at^x.^+... + at,nX„, (< = 1, 2, ..., m), 
and so for P, N, C, K. 

Then by Ch. I, § 2, c^- = 2 p„i'p,jK,. 

Suppose AK symmetric, so that for all values of o- and t 
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Also, since iVP = PA, we have for all values of i and t 

Then 

= ,2 PaiKr bri ™ij +P-,2 n^j + • • • +Prm ^mj) 

= I Pai xPij {Kiau + K^dix + . . . + Km<^m-d + ••■ 

+ Pmj ("'Ol'^lin + «'a2<^2m + • • • + 'W'mm) } 

= ? Pai {2'i; (*ii«i<7 + A-,2a2o + ••• +^imamff)+ ■•• 

+ Pmj ("'•mi^'^iff + n^m2^2(r + • • • + "-mm^mff) } 

+ «mff iPxjhm +P2jhm + ■■• +PmjK,m) } 
= 7 ^i<ri { J'kx (Pi/^u +i'2;^'21 + • • • + PmjKn) + • . . 

+ Pm<7(Pi;^lm + P2/^2m + ■■• +Pmj^'mm)} 

SO that NC is symmetric. 

Conversely, if NC is symmetric, we have for all values 
of i and j 

^»l%j + ^i2''*2j + ••• '^^im'^^mj — ^Ji'^hi'^ '^j2''hi'^ ■•• '^^jm'>^mi> 

whence, by the above reasoning, for all values of a- and t 

2 PaiPiJ {iKi<^U+^''2<^2t+ •■■ +Kmitmt) 

The reader will readily prove that the determinant of these 
m* linear equations in the m? quantities 

{K\ «U + ^<r2«2< + • • • + ^am^^mt) — (^/l "iff + ^/2'^'2o + • . • + hm^'ma) 
is the 2 m-th power of the determinant of P, and is therefore 
not zero. Hence each of the m^ quantities is zero ; or .4^ is 
symmetric. 

§ 3. Applications of this Condition. 

As a first illustration of § 1 suppose that K is the unit 
substitution E, and that P is orthogonal. 

Then C = PP'= E; so that N is symmetric if A is. Hence 
the transform of a symmetric substitution by an orthogonal 
substitution is symmetric, as proved in Ch. I, § 10. 

1645 Q 
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As another illustration of the case in which K = E, con- 
sider the problem : — 

To find a symmetric substitution xvith given invariant- 
factors. 

It will suffice to find a symmetric substitution with a single 
invariant-factor (\ — a)''. For if we find such a symmetric 
substitution for each of the given invariant-factors, their direct 
product will be the substitution required by Oh. II, § 4. 

Now if N and C are respectively 

iCi ^ OCX- -I ~r iKo ) • • • ) ■*' r— 1 "^ 0^"^/-— 1 i "^y j •*-' j- ^ OCCC ^.^ 

then NO is 

which is symmetric. 

Find by § 1 a substitution P such that C = PP'. Then 
P'^NP is the required symmetric substitution with the single 
invariant-factor (X — a)^ 

Now, taking the general case in which K is not necessarily 
E, consider the problem : — 

To express a given substitution A as the product of tivo 
symmetric substitutions.* 

Take N as the canonical substitution into which A may be 
transformed (Ch. I, § 9), namely the direct product of sub- 
stitutions of the type 

x{= oLX^+x^, ..., x\_-^= (xXj._i + Xr, 0;/= ax,. 
Let C be the direct product of substitutions such as 

rp ^— yyi rp '— rfi ly — /y 

u/| — ic^. J • • * ) *^ r—l ~"~ 2' /* ^~ 1 ' 

As shown above, I^C is symmetric ; and therefore AK = L 
is symmetric, where PKP'= C. But since C is symmetric, 
K-^ = rC-^P is symmetric (Ch. I, § 10) ; and 4 = L.R-^ 
is thus expressed as the product of two symmetric substitutions 
L and K-\ 

Consider now the problem : — 

To find eveiy possible mann,er of expressing a given sub- 
stitution A as the product of two symmetric substitutions. 

Suppose the two factors of the product are the symmetric 
substitutions L and K'^, so that AK = L. We want to find 
every possible way of choosing K ; for when A and K are 
given, so is L. 

' That A can be so expressed was proved by Frobenius, BerKner Bibninga- 
Urichte, 1910, p. .3. 
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It is suflScient to solve the problem for any substitution N 
into which A can be transformed. For let A = P~^ NP, where 
P and N&re supposed given ; and let G be any symmetric sub- 
stitution such that NG is symmetric. Then K = P~^GF'~^ 
is a possible value of K, and each such value of C gives a single 
value of K. 

We may take N in canonical form, and must now solve the 
problem : — 

To find every bymmetrlc substitution G such that NG is 
symmetric, N being a canonical substitution. 

The solution is given in § 4. 

Ex. 1. Find a symmetric substitution with invariant-factor 

(\-af- 

I2x,x., + x^^ =C-^f + ^Z + C-^^^'/ • Therefore the sub- 
stitution C= (x^, x^, Xi) is PP', where 

^—\ V2 ' ^' V2 ' 
And N=((XXx + x^, (Xx^ + x^, Oix^ is transformed by P into the 
required symmetric substitution 

Ex. 2. Find symmetric substitutions with invariant-factors 
(A-a)2 and (A.-a)*. 

[The matrices of the required substitutions are 



1 i 

a- 



and 



2 ^' 







2 ^ • 2 2 ^ 2 ' 



— ^ < 2 ' "^ 2 ^ 

A' i 



The reader will find no difficulty in extending the method to 
the case of an invariant-factor (A. — a)'' of any index r.] 

Ex. 3. If P~^NP = A, where A and N are symmetric, and 
C=PP', then Na=CN. 

[By § 2 NC= {NCY= C'N' = CN.^ 

Ex.4. Express {Sx+y—22, 2x + 3y—Si:, 4:X + 2y—3s) as the 
product of two symmetric substitutions. 

IPAP-^=N if N= [x+y, y + z, z) 

and P = (x,2x+y + 2z,2x + z), 

so that P-^ = (x, 2x+y-2z, -2>. + z). 
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Hence, if C = {e, y, x), 

X'i = p'C-ip is {2i/ + e,2x + 9i/+6e,x + 6p+i£) 

and I{:=(2if-Ss, 2x+i/-22, —3x—2y + ie). 

Then Ali: = L is (— 8a;+3^, y—s, 3x—y) and u4 is the product 
of the two symmetric substitutions L and K'^."} 

Ex. 5. Express as the product of two symmetric substitutions 
the substitutions of Ch. I, § 9, Ex. 1, 3, 4, 5. 

Ex. 6. Any substitution can be transformed into the transposed 
substitution by means of a symmetric substitution. If this can 
be done by a fc-ply infinite number of symmetric substitutions, 
find k. 

[If AK and K are symmetric, R-^AK = A'.^ 



§ 4. Transformation of a Symmetric into a Canonical 
Siibstitution. 

Take iV of § 2 as the canonical substitution of Ch. V, § 1, 
*/= \a'f + ^;a;,-+i {i = 1, 2, ..., m), 
where /S^ = 1 or 0, and is certainly if 

^i ^ ^i+i (/^o = /3m = 0). 
Suppose AX' and C are symmetric. Then 

Cji^i + f^ji-iPi-i = Cij^j^<:ij-i^j-i ihj = 1. 2, ..., m); 
or CijXi + Ci_.^j^i_^ = Cij\j + Cij_.^^j_^ {l,j = 1, 2, ..., m), 
since C is symmetric. 

Just as in Ch. V, § 2, this gives 

Cij = when Af ^ Kj , 
and when A,- = A-, 



7' 

c;-!./ = %•-! when ^,._i = 1, /3^_i = 1' 



(i) 



^ij-i = when )3i_i = 0, ^^-.j = 1 
Ci-i; = when ^i_, = 1, /3j._i = Oj 

We have also q- = 0^^.* 

These equations (i) may be handled in the same way as 
equations (iii) of Ch. V, § 2. 

* This was not the case in Ch. V, 5 2. 
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For instance, if N has the matrix (iv) of Ch. V, § 2, C will 
have a matrix of the type 



o a o o 

a, b o o 

6 c o o 

c d o f 

d e f g 

o / o o 

f 9 ° P 



.(ii) 



f 9 ^<' 2> g 

or if N has the matrix (vi) of Ch. V, § 2, C will have a matrix 
of the type 



u 
b 
c 
d 

e o 
/ P 



o d o o 
d e o (J 



d e f (J h 

o p q o i 

q r i j 

o i o s 

i j s t 



.(iii) 



From these examples the general form of G will be clear. 
The reader will notice the diagonal aiTangement of equal 
elements in the matrix, and the positions of the zeros. 

As in Ch. V, § 2, if N is expressed as the direct product of 
constituents N-^,N^,N^, ..., whose characteristic-determinants 
are (a — A)", (/3 — A)'', (y — A)", ..., where no two of oc, fi, y, ... 
are equal; then C is the direct product of a substitution on 
the variables affected by i\\, a substitution on the variables 
affected by A^j' ^ substitution on the variables affected by 

^'^, .... 

Corollary I. 

A substitution with invariant-factors 

(A-a)"s (A — a)"', (A-a)"^ ..., where a^ > a^> a.j > ..., 

(A-/3)&<, (A-/3)K(A-/3)''3 where b, > b^ > b, > ..., 

) 

can be expiessed as the product of two symmetric substitu- 
tions in a ^-ply infinite number of ways where 
/.•= (a^ + 2a2 + Bas + 4a^+...) + {b^ + 2b.^ + Sb^ + 4b^+ ...)+ .... 

The proof is as in Ch. V, § 2. The only difference is that 
the matrix of C in the present section is symmetric, while the 
corresponding matrix in Ch. V, § 2, is not. 
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Corollary II. 

The determinant of G factorizes into simple factors. 
For instance, the determinant (ii) is +a*^^, and the deter- 
minant (iii) is 

- \ d p \ 

In fact, if we write the rows and columns of (iii) which now 
stand in the order 1, 2, 3, 4, 5, 6, 7, 8 respectively in the orders 
1, 3, 5, 2, 4, 6, 7, 8 and 5, 3, 1, 6, 4, 2, 7, 8, (iii) becomes 



a 


d 


o 


o 











o 


d 


P 








o 


o 


o 





b 


e 


a 


d 








o 


.'/ 


e 


q 


d 


p 








o 


i 


c 


f 


h 


e 


a 


d 


(7. 


h 


f 


r 


e 


1 


d 


p 


i 


j 


9 


I 


o 


o 





o 





s 


h 


J 


U 


I 








s 


t 



A similar process applies in general. 

Corollary III.* 

If K and AK=L are symmetric, we can find a subditution 
R such that RKR'—L, where 11"^ = A and R depends on A 
only {not on K). 

Using the notation of § 2, we first prove that, if the result is 
true for the canonical substitution N = PAP~^, it is true 
for A. 

In fact, suppose NG and G = PKP' are symmetric, while 
DCD' = NG, and D^ = N depends on N only (not on C). 
Then li R = P-^DP, 

RKR'= P-^DP . P-^GP'-^ . P'D'P'-^ =P-^DGD'P'-'^ 

=P-'NGP'-'' = P-> . PAP-^ . PKP' . P'-i = AK = L, 

while R^ = P-^D-'P = P'^NP = A, 

and R depends solely on iV. 

We now show how D may be found. 

Take at first for B the most general substitution permutable 
with every substitution permutable with N (Ch. V, § 3). 

* This Corollary will not be required before Ch. IX. Similar theorems 
when K and AK are both alternate or both Hermitian are given in § 8, 
Ex. 6, 7, and § 11, Ex. 1, 2. 
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The reader will at once verify that, if C and XC are 
symmetric, then DC and NDC are symmetric. 

For instance, if has the matrix (iii) of § 4, and I) is 

x^=&Xi + bx^ + cx^, x^' = a,x^ + hx^, x^' = aa:A' 

the matrix of DC is also of the type (iii) ; and so on in general. 

We therefore have DC = C'D'= CD'. 

Now equate corresponding coefficients in D^ and N, and we 
get equations which can evidently be satisfied by a proper 
choice of the coefficients of D. For instance, in the example 
just taken, where iV has the matrix (vi) of Ch. V, § 2, we have 

(« + <)* = & + bt + ct^+.... 

We now have D^ = N. 

Therefore DC = CD' gives NG = D'-G = DGD'; which was 
to be proved. 

Ex. 1. Prove that the symmetric substitutions C such that NC 
is symmetric where N={x2, X3, ..., a;,„, Cia"] + 62*2+ ••■ +«m*'»n) 
are »n-ply infinite in number. 

[Cy_i + e:ci„, = cji_i + eiCj^. Put in turn j = 1, 2, . . . , w, and 
then i = 1, 2, ..., m, and we determine the coefficients of C in 
terms of c^^, c^m, ■■-, o^m which are arbitrary.] 

Ex.2. Let ^ = (3a; + 2^-2^', 2x + 3i/-32, 4:X+2y-Sg) 
and K=(-ix-2y + 5e, -2x+y, Bx-s). 

Find R so that H^ = A, 

RKR'=AK={-ix~i!f + 5z, -ix + y + s, 5x + y-3s). 

[In Corollary III 

N= {x + y, y + z, 4 P= i^-y^ 2x-y + z, 2x-2y + z), 
p-i = (x + y-z, y-z, -2x + z), C=PKP'= {z, y, x). 
Then D^ = N, where B = {x+\y-\z, y + \z, z) ; and 
R = p-->-DP=:(%x + \y-%z, lx+2y-lz, fa; + «/-|4] 

If K^=(-^x-Ay + hz, -ix + y + z, 5x + y-3z), 

verify that 

BKiB'=AK^={-6y + 5z, -6x + y + 2z, 5x+2y-4:z). 

[This illustrates the fact that R depends solely on A, not on K. 
In this ease PKiP'=(z, y + n, x + y).^ 
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§ 5. Transformation of one Symmetric Substitution into 

another. 

We assume for the present the following theorem, which 
will be proved in § 6. 

If N is a given canonical substitution which is the direct 
product of s'ubstitutions of the type 

and C is the direct product of substitutions of the type 

a!j = Xj., ... , a; j._ J = Xj , x^. = ajj , 

and F is any symmetric substitution such that NF is 
symmet7'ic, then we can find a substitution D 2^ermutable 
with N such that BFD'= C. 

From this we deduce the following theorems : — 

If a substitution A is transformable into the canonical 
substitution N, and AK and K are symmetric, we can find 
a substitution P such that P-^NP = A and PKP'= C. 

Let R be any substitution such that R~^NR =A, and let 
RKR' = F. Then, by § 2, NF is symmetric. Hence we can 
find D permutable with iV such that I)FD'= C. Take 
P=I)R. 

Then P-LVP = JJ-'Z)"' .N.I)R= R-^NR = A ; 

and PKP' =DR.K. RD' = DFD' = C. 

Again, 

If (wo substitutions A and B have the same invariant- 
factors, while AK, BK, and K are all symmetric, ^ve can 
find a substitution S such that S~^AS = B and SKS" = K. 

We have just shown that we can find substitutions P and Q 
such that A = P-WP, B = Q'^NQ, PKP'= C, QKQ'= C, 
where N is the canonical form of A or B. 

Put S = P-^Q. 

Then S-'^AS = Q-^P .A.P-'Q^ Q- WQ = B ; 

and SKS'= P'^Q . K . Q'P'-^ = p-^CP'-' = K. 

If K = E, A and B are symmetric ; and SS' = E, so that 
S is orthogonal. Hence 

Any given symmetric substitution can be transformed into 
another given symmetric substitution with the same invariant- 
factors by an orthogonal substitution. 
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Ex. Transform A = (-^x + a,j, ||x + ^»/) 

by an orthogonal substitution. 

IA=P-^NP, B = Q-^NQ, where N = {,x, -y), 

P= (^x-^y, ^x + ^y), Q={ix-^y, ix+iy). 
Therefore A is transformed into B by the orthogonal substitution 

§ e. 

We now prove the first theorem of § 5. 

We notice that, if D is any substitution whatever per- 
niutable with N, and NF is symmetric, then 

N.DFD' = D.IfF.iy 
is symmetric (Ch. I, § 10). Hence DFD' is of the same 
type as F, namely the type exemplified in (ii) and (iii) of § 4. 
We want to show that we can choose D so that DFD' is C. 
This is the same thing as proving that we can choose D 
so that, when we replace 

X, by d,j^Xi + df^X2+...+d,,,,x„^ (t = l,2,..., m), 
iV is unaltered while the quadratic form 'S.ffXiX- is trans- 
formed into IcijXiXj, i.e. into the sum of quadratic forms 
of the type 

We shall adopt a step-by- step process whereby we employ 
a succession of transformations, each of which leaves N 
unaltered, but alters the quadratic form ^/\jX{Xj into a 
simpler form, till we finally arrive at 2 CiiX^Xj. 

As pointed out at the end of § 4, if iV^ is the direct product 
of constituents iVj, N^, Nr^, ... whose characteristic-determinants 
ai-e (oc—k)", 0—k)^, (y— X)", ..., where no two of a, fi, y, ... 
are equal, ^fijXiXj is the sum of a quadratic form on the 
variables aflfected by ^\, a quadratic form on the variables 
affected by N^' * quadj-atic form on the variables affected 
hy N, 

Suppose A^i is the direct product of J\(j^, ^2 > ^?. > • • • > where 
.9^j is the direct product of constituents ^j, Ji^^, J[f.^, ... , 
each of the type 

iCj = (XX1 + X2, ..., ''■' 0,-1^ '''■'u-1 "'•'«' '*'« ^^ "''^({j 

and therefore each of the same degree u, while ^J^^ ^s the 
direct product of constituents of the same degree v, 5V3 is the 
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direct product of constituents of the same degree w, ..., where 
no two of u, V, w, ... are equal ; and similaily for N^, ^^"3, .... 
Then, firstly, we show that "Sif^jXiXj may be transformed 
without altering N into the sum of a quadratic form on the 
variables affected by J\^ j , a quadratic form on the variables 
affected by ^A^j' ^ quadratic form on the variables affected 

by .'TNCa.-- 

Secondly, we show that ^f^jX^Xj may then be transformed 

without altering JN' into the sum of a quadratic form on the 
variables affected by Ji^i, a quadratic form on the variables 
affected by r^M^, a quadratic form on the variables affected 
by J^l,, .... 

Thirdly, we show that the theorem is true for each of the 
substitutions such as tJWi, tMi, OA-^, ... ; and the proof is then 
completed. 

In the following we therefore first take iV as of the type 
iVi, then of the type 2^, and finally of the type t^V/j. 

(1) Consider fii-st of all a case such as that in which iV is 

x{ = ocx-^ + j.:^, x^' = (XX2 + X3, x^' = aa-'a ; 

aV =(xx^ + x^, xl = ocx^ + x^, x^ = (xx^ ; 

Here iV is the direct product of two substitutions of 
degree 3 (one on x^, x^, x^ and the other on x^, x^, Xg) and 
of another substitution (on x^, x^) of degree less than 3.* 
Then 2fijX^Xj has a mati-ix of the type (iii) of § 4. 

Put for Xj Xj + kx^ + k'x^ + Ix^ + I'x^ 1 

and for Xg x^ +kx.^ +^6 3 

By Ch. V this ti'ansfomiation does not alter N. 
It transforms ^f^jX^Xj into a form with matrix 
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D 
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P 
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Q 
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J 








G 
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S 








H 





/ 


J 


S 


T 



where 

G = ks + g, H = k's + kt + k, T = ls + i, J=l's + lt+j. 

* N ia oi the type N, , being the djxect product of 
"HiBiax^ + Xj^, aa-j+i,, ax3,0(a;,+j;5, Vx^ + x^, «Xj) and 7<., = (ax,+a!,, az,). 
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Now since the determinant of S/^cCj-a;- does not vanish, 
s ^ 0. Hence we can choose k, k', I, I' so that G, H, 1, J all 
vanish ; and "If^^x^Xj becomes a quadratic form on Xy^,x^,x^, 
^4 . *5) "'ei J'^iis a quadratic form on x,, iCg. 

A similar process holds in general. For instance, if N were 

which is the direct product of substitutions of degree 3, 2, 2, 
we should put 

for x^ x^-\-kx2 + k'x^, for !»„ x^ + ZcTj + rXgl 

for x^ X- +kx^, for x., x., +^'<^3 V 

and proceed as before, leaving N unaltered and transforming 

2fjjX{Xj into a quadratic form on x-^, x^, x^, plus a quadratic 

form on x^, x^, x^, x~, by suitable choice of k, k', I, I'. 

(2) We can now confine ourselves to the case in which N is 
the direct product of constituents each of which is of the 
same degree. 

Suppose, for example, iV is 

x^= ocx^ + x^, <= a.-Tg + aJc a;/ = a.r„, 
so that A^ is the direct product of two constituents, each of 
degree 3.* 

1ff-X;X- will have a matrix of the type 



.(ii) 



o 





I'u 


O 





'•12 


o 


^n 


^U 


o 


»'l2 


•"12 


»•,! 


^'ii 


^l 


^12 


*I2 


^2 


o 


o 


^21 








22 





^-21 


So, 


o 


'^'22 


®22 


^'21 


hx 


^1 


'''22 


""22 


22 



where '''12 = '^21 > *'"i2 ~ ^21 ' '12 ~ '21 • 

For ajj put lyiX-^ + l^^x^, for x^ put ^21*1 + ^22^4) 

for 052 put ^,1^2 + ^12^3' ^^^ ^r. put ^21*2 + ^22^5 [•■••("!) 

for X3 put l-i-^x^ + ln^i, for a;^ put ^21*3 + ^22*6) 
This will not alter N. 
Choose the I'a so that 

»-ii(^ii*i + ^12*2)' + 2''i2 (?n*i + ^2*2) (^21*1 + h-!.^^ 

+ ^22('21'^l +'22*2) = '^1 +*2 " 

* iV is of the type 'T^i, being the direct product of 

Mi = {OiXi + Xi, axj + r,, ax^) and M^ = {<:ix^ + X:„ ax^ + ir,, ax^V 
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This is possible, for the determinant (ii) is 



60 that 



:5fc 0.* 



Then 2/,--.T,ir becomes a quadratic form with a matrix of 



the type 



1 o 

1 /Si, o 



o 

o 



-s,. 



T 

1 



where 

Put now for x^ 
and for x.^ 



o o o 

o Ogi o 1 O22 I 

1\ 21 22 22 

Oj2 =^ '^21' ■' 12 ^ ■' 2: • 

x^ + kx^ + lx^ ) 

^2 + ^i^i^e > ' 

This will not alter JV^, and, exactly as in (1), we can choose 
k and I to make '2f^-X;X- reduce to a quadratic form which 
is the sum of a quadratic form on x^, x.^, x^ and a quadratic 
form on x^, x-, .?•„. 

(3) We can now confine ourselves to the case in which iV 
is of the form 

x-f' = (xx^ + x^, ..., a-',._i= aa;^_, + ^,., x/= !xx,..-f 
2f;jXiXj is of the form 

A'l 01 {x, X) + />-2</.2 {x, x) + ...+ k,<\>^ {x, x), 

where ^■i{x,y) = x^y , + x.^y,_^ + ... +x,_^y^_-\- x,y^, 
<t>.Jx,y) = J:22/,+a?32/,_i + ... + .r,..,2/3 + a;,2/2, 

*3 {^> y) = ^iVr + ^iVr-i + • • • + ^t-lVi + »v2/3 . 



<^,(a;,i/) =x,y,, 
and the fc's are constants. 
If in 4>i {^, y) ^e put 

a,,a'i + ^< r-jifj + a^-jaJa + . . . + ctj rr,. for x^ 

ci,.x^ 4- ar-i^a + • • • + 02''^' /• for a*, 

«,.a;3+ ... +0033;. for x. 



a,.x,. for X,. 



^?yi + i,-i2/2 + ^,-2 2/3+---+^?/,- for 2/, 

^,■2/2 + ^,-1 ?/3 + • • • + '■'22/,- for 7/2 

Z>,?y,+ ... + i3 2/, for 1/3 



;'V 



.(iv) 



* Compare § 4, Corollary II. 



i,-2/r for 2/, 

t N is of the type M^ . 
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we obtain 

+ ... + a^x^ {h,y^ + 6,_i2/2 + • . • + ^i^/r) 

= 'I'ria, t) . <Pi (a;, y) + 0r-l («. ^) • <^2 {'«. 2/) 

+ . . . + <^2 (a, 6) . <^^.i (x, y) + (/), (a, 6) . <^^ (a;, y). 

Similarly, (f)^ (x, y) becomes 

*r (a. t) *2 (*•> 2/) + <<>r-i («. ^) '<>i (a;, 2/) + . . . + </'2 («, 6) ■ <i>r (^. 2/)> 

and so for ^., {x, y), ^i{x,y) 

Putting now 

6,= «!, 62=02, ...,2/i=a;i, 2/2 = a'», ... 

(iv) becomes a substitution, leaving iV" unaltered and trans- 
forming 

^■i<^i (^, a;) + A;2(^2 {x, x) + ... + k,^^ (.r, a-) 

into K^(l)^(x,x) + K2(l>2{x,x) + ...+Kj.<f>^(x, .<■) , 

where 

/r, = fcj<^^ (a, a), K^ = ^■l </),_! (a, o) +7<;2<^, (a, a). 

K^ = Z'l <^,_2 (a, a) + l-2<l>r-i {a, a) + /Cjc/)^ (a, a) 

We want to show that we can choose a,., o^_,, o,._2, ... to 
satisfy K^= 1, K„=K„^ =...= 0. 

This demands 

i,o/= 1, 2k^a^a,._i + k2a,.'^ = 0, 

k^ {2a^a^_2 + «-^_,) + 2 A-gft^a^..^ + Aija,.^ = 

The a's can evidently be chosen to satisfy these eqiiations, 
provided ^i ^ 0. 

But if ^j = 0, the determinant of "Sif^-XjXj would vanish, 
which is impossible. 

The investigation is now completed and the theorem proved. 

Ex. 1. Prove that the orthogonal substitutions permutable with 
a given symmetric substitution A of degree r having a single 
invariant-factor are two in number. 

[By a suitable change of variables we reduce the problem to 
that of finding the substitutions permutable with 

Xi'=<xxi + Xi, ..., a;',.-i = «^)-i + ^,-' a;/= aa;,., 

and having x.iX,.-\-XiX,._-^+ ... +x,._-^x^ + x,.Xi 

as an invariant For an orthogonal substitution has 
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as invariant, and this was transformed into 

X-iX^ + X2X,._i+...+ X,.Xi . 

The substitutions required are those of the form (iv) of § 6, which 
have the invariant XiXr + X2X.^^-^ + ... . They will have this in- 
variant if 4>i.(a, a) =■! and <j>^_i {a, a) = <^r-2(''> ''■^— ••• — ^• 
These equations give a,. = + 1, a,-! = ^r-2 = •■■ = O.j 

Ex. 2. Discuss the case when A has two invariant-factors, or 
any number of invariant-factors.* 

Ex. 3. In how many ways can a given symmetric substitution 
be transformed into another given symmetric substitution by an 
orthogonal substitution ? 

§ 7. Invariant-factors of an Alternate Substitution. 

If A is an alternate substitution, A = SA' where *S' is the 
similarity substitution 

ajj ^ x^, x^ = x^, ..., 2;„j = ^in- 

Therefore, by Ch. II, § 3, corresponding to any invariant- 
factor (A. — a)'' of A' we have an invariant-factor (\ + a.y of 
SA' or A. But A and A' have the same invariant-factors. 
Hence 

The invariant-factors of an alternate substitution are either 
pov:ers of \, or else occur in pairs of the type (A. — a) '', (A. -f a)''.f 

We confine ourselves now to the case of alternate substitu- 
tions whose determinant does not vanish. The decree of such 
an alternate substitution is even,:!: and its invariant-factors 
occur in pairs of the type (X — a)'', (X -f a)'' It possesses many 
properties analogous to those of a symmetric substitution. We 
state these properties, leaving the verification to the reader in 
most cases. 

Sup-pose P-->^NP = A and PKP'=C. Tlven if AK is 
alternate, so is NC ; and, conversely, if NC is alternate, 
so is AK. 

The proof is as in § 2. 

For example, take K = E and C = E. Then we have: — 
' The transform of an alternate substitution by an orthogonal 
substitution is alternate,' as in Ch. I, § 10. 

Again ; still taking K = E -. — 

To find an alternate substitution with given pairs of 
invariant-factors. 

* Cf. Hilton, Annals of Mathematics '1914). 

t See also Ch. II, § 3, Ex. 3. 

J For a skew-symmetric determinant of odd order vanishes. 
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It is sufficient to take one pair of invariant-factors (\ — ay 
and (\ + «)''. 
Then if iV is 



x/ = aojj +332, ..., a;'r_i = aaj^.j +x„x/ = ax^ \ ... 
2//= -a2/i + 2/2. •••.2/'r-i= -ocVr-i + Vr, V' = -ayrJ"" 

'}.... (ii) 



and C is 



a;/={-l)'+'2/. 



a^i =2/r. ^t = -Vr-l 

iVC is alternate and (7 symmetric. 

Then the required substitution is P'^NP, where P is 
chosen so that G = PP". 

Ex. 1. Find an alternate substitution with invaiiant-factors 
(K-OLf, {K+af. 



r ix^ + ix^ \ ^ / \x^ — ix^ s 



Therefoi-e the substitution C = {Xi, —x.^, —x^, x^) is PP', where 



pb( 



IXi — (X4 \ 



V2 V2 V2 

And iV = (aajj + aTa, a^a, —ax^ + x^, —(Xx^) 

is transformed by P into the required alternate substitution with 

1 ) 



matrix 





1 
"2 

i 
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— 2a 
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t 





— ia 


~2 
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lOC 
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2 


2 





] 



Ex. 2. Find an alternate substitution with invariant-factors 
{K-af, (\+af. 

§ 8. The Product of Two Alternate Substitutions. 

Suppose now that K is alternate. Then if AK = Z is 
alternate, RC is alternate, and so is C = PKP'. 

Each alternate substitution G, such that NG is also alternate, 
gives one method of expressing A as the product of two 
alternate substitutions L and K~^ (i. e. P'G'^P). 
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We considei' then the conditiona that NO should be alternate 
■when C is alternate. As in § 4, we get, since NO is alternate, 

or 

since G is alternate. 

But these are the same conditions aa in § 4 except that now 
we have c^j = —Cj^ instead of c^j = Cj^. 

Suppose, for instance, that if is 

x/ = ocx^ + x.^, xJ = ax^ + Xg, Xg' = (xx^. 



Then the matrix of C is of the type 



o 

■ d 



-d 

— e 



o 

d 

o 



o 

d 

e 

o 



d 

e 

f 

o 



-d 



-f 



which may be compared with the matrices in § 4. 

Applying Corollary II of § 4, we see that, since the deter- 
minant of G is not zero, and a skew-symmetric determinant 
of odd order vanishes : — 

A substitution can be expressed as the product of ttvo 
alternate substitutions if and only if its invariant-factors 
occur in pairs of the form (X — a)"", (\ — a)''. 

Ex. 1. In how many ways can a given substitution be expressed 
as the product of two alternate substitutions ? 

[See Corollary I of § 4.] 

Ex. 2. Express 

A=(x—y + 2e-2io, —3y-2w, —2x + 2y-S0 + '6w, 2y + w) 
as the product of two alternate substitutions. 

£P'^NP=A, where N= (—x+y, —y, —e + iv, —w), and 
P'^ = {Bx+2e, 2x+y+2e, x + e, y + tv). 

Then K = P-^CP'-^ = l-2y-Bw, 2x + s, -y-2w, Sx + 2e), 
where C= ( — «c, —z,y, x). Hence A is the product of the two 
alternate substitutions AK=(w, s—w, —y, —x-\-y) and 
K-^=(2y-w, -2x + 3z, -3y + 2tc, a;-2^).] 

Ex. 3. A substitution of the second degree is the product of two 
alternate substitutions, if and only if it is a similarity. 
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Ex. 4. If F and NF are alternate, we can find a substitution D 
permutable with N so that BFB'— C, where N and C are the 
direct products of 

and Xi'=-y„ ■■ , x\._y= -y^, a;/=-2/i) 

yi= x,; ••-, /r-i= ^2, y,'= a:J 

respectively. 

Ex. 5. If AK and ^ are alternate, we can find a substitution P 
so that PAP'^ = N and PKP'= C, where C is the substitution 
defined in Ex. 4. 

If AK, BK, and Z" are alternate, and A, B have the same 
invariant-factors, we can find a substitution S such that 
S-'^AS = B and SKS'- K. 

Ex. 6. If K and J.Z' are alternate, we can find a substitution B, 
depending only on A (not on K) such that R^ =A and 
EKie= AK. 

[The method is that of § 4, Corollary III.] 

Ex. 7. If ji = 2x—y + w, y—z-\-w, —x+y, —x + y—z + io) and 
K={—y + 2s—2io, x-e+2w, —2x+y—a; 2x-2y + e), find 
R such that R'^ = A and 
2Jj:iE'=^£: = (-«/ + 3^-3«', a;-2.? + 3w, -3a;+2y-2«-, 

3a;-32/ + 2«). 

[If P=(a; — 2f, 2a;— 2«/— 5^— «f, a;— 3y— .sr+«t', x—y—z) and 
P'^ = {3x~2y + s + w, x—y + tv, 2x—y + s—iv, 2x-2y + s + w), 
then PAP-'^ = N={x + y, y, s + tc, ti^ 

and C=PKP'= {tv, z, -y, -x). 

If Z> = (a;+iy, y, ^ + ^«f, ic), 2)2 = iV and Z)Ci)'= J/C. 

Hence, as in § 4, Corollary III, 
if B = P-'^I)P={ix-^y+\w, y-\z+\w, -^x + ^ + ^z, 

-h^+\y-h^ + v}), 
R^ = A and RKR'= AK.2 

IiKi={-y + 3z-3w,x-2s + 3ic, -3x + 2y-2iv,Bx-3y + 2z), 

verify that 

RK^R'= AKi = {-y + iz-4:tc, a;-3^ + 4;«, -ix + 3y-Btv, 

ix—iy + 3z). 
lPKiP' = {w,z+w, -y, -x-y).2 

§ 9. The Product of an Alternate and a Symmetric 
Substitution. 

Suppose now that K is symmetric. Then if AK = L is 
alternate, NC is alternate and C = FKF' is symmetric. 
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Each substitution C, such that NC is alternate and C 
symmetric, gives one method of expressing a given substi- 
tution whose invariant-factors occur in pairs of the type 
(\ — cxy, {\+cxy as the product of an alternate substitution L 
and a sj'mmetric substitution if "'. 

If iV is the direct product of substitutions of the type (i) of 
§ 7, we may take G as the direct product of substitutions 
of the type (ii) of § 7. 

If the invariant-factors of A do not occur in pairs of the type 
(A — a)'", (A.+of)'", A cannot be expressed as the product LK~^ 
where L is alternate and K~^ symmetric. 

For let Q be a substitution such that QR-^Q' = £ (§ 1). 
Then the invariant-factors oi LK~^ are the same as those of 

Q'-'LK-'Q' = Q'-'LQ-KQK-^Q' = Q'-'LQ-\ 

But Q'~^LQ~^ is alternate, since L is. Hence the invaiiant- 
factors occur in pairs of the type (\ — a)*", (K + cxy by § 7. 
Therefore 

A suhdiiutlon can he expressed as the product of an alternate 
and a symmetric substitution, if and only if its invai-iant- 
f actors occur in pairs of the type (A — oi.y, (A + a)''. 

To find every possible symmetiic substitution such as C 
making NC alternate, we notice that, as in § 4, we have 

'^jiK + Cji-iPi-i = -c.ijKj-Cij_iPj_i {i,j = I, 2, .,., m) ; 
or Cij\i + ci_-ij^i.i = -Ci.\j-Cij_^Pj_^ {i,j = 1, 2, ..., m), 

since C is symmetric. 
This leads, as in § 4, to 

f,y = when X^ + Xj^^O, 
and when A; = 



■^• 



ci-ij = -c.;j_i when ^,_i = 1, /3;_i = 1' 
when /3,-_i = 0, ^j_^ = 1 
when |8;_i = 1, Pj.-^ = 



1/ 



-1 = 
= 



•■i-lj 

We have also c,-,- = c,;. 

Suppose, for instance, that K is the substitution 

a;/ — axj + x^, x^ = (xx^ + x^, x^' = ixx-^ ; 

xl = aaj^ + aig, x/ = ax^-\-x^, < = "^^e 5 
y//= -OLy^ + y^, y/ = -oiy. + y^, y/ = -ay^; 

x,' = ax^ + x^, x^ = ax^ i 

Vi = -o^I/t + Vb. 2/8'= -aysi""' 
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Then has a symmetric matrix of order 16, of which the 
first 8 elements of the first 8 rows and the last 8 elements 
of the last 8 rows are zero, while the last 8 elements of the 
first 8 rows are 



,(ii) 









a 


o 


o 


d 


o 


o 1 


o 


— a 


-b 


o 


-d 


— e 





-9^1 


U 


b 


c 


(1 


e 


f 


9 


in 





o 


h 





o 


p 


o 


o 


o 


-h 


-k 


o 


-p 


-1 


o 


— i i 


h 


/.: 


n 


7' 


'J 


r 


;' 


3 


o 


o 


— u 





o 


-I 





— s 


o 


U 


V 





I 


v 


S 


t \ 



This should be compared with (iii) of § 4. 

The reader will easily verify that the determinant of the 
substitution C formed in this manner would vanish if the 
invariant-factors of N did not occur in pairs of the typo 
{\ — (xy, (A + «)'■, as was to be expected from the previous 
reasoning. 

We assume now a theorem proved in § 10. 

If N is a given canonical substitution which is the direct 
product of substitutions of the type 

Vi = -ocyi+Ui^ •••. y'r-i = -°^yr-x+y.> y' = -«?/,) ' 

and C is the direct p)roduct of substitutions of the type 



•^1 = 2/r. a-., =~y 

?A'=(-ir'-^,-2//=(-l) 



1' 



1 



•^3 =2/,-2' 
-II 2/3 ~ (~ •'^j */— 2' 

.■•>< = (-1)'-'?/h 
..., 2/,'=a-i 

and F is any symmetric substitution such that NF is alter- 
nate; then tve can find a substitution D perm,utable with N 
such that DFD' = G. 
As in § 5, we deduce 

If a substitution A is transforTnable into the canonical 
substitution N, and AK is alternate and K symmetric, 
we can find a substitution P such that P~^NP = A and 
PRF = G. 

Again : — 

If two substitutions A and B have the same invariant- 
factors, while AK and BK are both alterncde and K is 
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symmetric, we can find a substitution S s^weh that S'^AS = B 
and SKS' = K. 

Taking K = E we have 

Any given alternate suhditution can he transformed into 
another given alternate substitution with the saine invariant- 
factors by an orthogonal substitution. 

Ex. 1. Express 
A ={3.'r + 3«/+10^; + 10ep, ix-ij + is + Gw, —2x + 2y + s-w, 

— 2y-iz-Sw) 
as the product of an alternate and a symmetric substitution. 

[_P-^NP = A 
if P={2x + y + z + w, 2x + 2s—ic, —ac+y—s + tv, —y—w), and 
N={x+y, y, —g+w, —w). Take C as (?<;, —0, —y, x). Then 

K=P-^CP'-^ = (-to, e+w, y-\-4:Z + 2w, -x+y + 2g-2w). 
Hence A is the product of the alternate substitution 
AK=(2y + 4:2 + 3w, —2x—3z—4:W, —ix + Sy—iw, 

-Bx + iy + ig), 
and the symmetric substitution 

K''^ = {2x — 2y + z—w, —2x—iy + e, x + y, — «)•] 

Ex. 2. Express (34x — 24*/, iSx—Siy) as the product of an 
alternate and a symmetric substitution. 

§ 10. 

We now prove the theorem left over from § 9. The process 
is very similar to that of § 6, and will therefore b£ given only 
in outline. We have to show that we can choose D so that 
when we replace Xf by 

dtiX^ + d,^_X2+ ...+d,„^x„^ {t= 1,2, ..., m) 
iV is unaltered and ^fjXfXj is transformed into ^CfjXjXj, i.e. 
into the sum of quadratic form of the type 

2(2/,-«i-2/,-ia"2 + 2/r-2^3-2/<-sa;4 + ---). 
A'' being of the type stated in the enunciation of the theorem. 

(1) Take such a case as that in which N is (i) of § 9. Then 
the matrix of "S^f^x^x- is of the type described in § 9 in 
which the first 8 elements of the first 8 rows and the last 
8 elements of the last 8 rows are zero, and the remaining 
portions of the matrix are of the type (ii) of § 9. 

Now apply the substitution (i) of § 6. Choosing h, k', I, I' 
properly we reduce "^f^jXiX- to one similar to that just 
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described, but with u, v, I, w zero. Now apply a similar 
transformation to y^ and j/g, and we can make g, m, i, J 
also zero. 

(2) We may now confine ourselves to the case in which N 
is the direct product of constituents each of the same degi-ee. 
Suppose, for example, N is 



^4 

2/4' 



'= -a2/« + 2/6. 2/a'= -"2/5 + 2/6. 2/fl' = -a2/c' 



2f;jXjXj will have a symmetric matrix of order 12 in 
which the first 6 elements of the first 6 rows and the last 
6 elements of the last 6 rows are zero, and the last 6 elements 
of the first 6 rows (and the first 6 elements of the last 6 
rows) are 



— r 



11 
o 

f'21 






— S„ o — 



21 



''12 


-S.2 


-'12 


^2 





^22 


22 


^22 


•"22' 


'90 



(i) 



Apply the transformation (iii) of § 6. Choose the I's in 
this transformation so that the substitutions with matrices 



'11 '12 and 1 '," 



11 jl2 



' 21 ' 22 I I 21 "22 

are inverses of each other. Then (i) is replaced by an array 
of the form 



o 

-1 

o 
o 



— S-t, 



■s.. 



2' , 1 



o 
o 

O 
-1 



o 



1 



' 12 



1 



I 






and now we can proceed as in (1). 

(3) Lastly, take N as (i) of § 7. Then 
2/;;.T;a;; = 2k,{y ,x,-ij ,.:,x^ + V ,-A- . . .} 

+ 2k^(y,x^-y,-,Xs + y,-2Xi-...) 

+ 2 /.'s (yr^:: - y,-i^i + 2/,-2«.-, -•••)+••• 
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Now apply the transformation (iv) of § 6, taking 
6^=1, 6,._i = 6r-2 = ^r-3 = ... = 0. 
Then choose a^, a^.j, a^-s' ••• ^^ make ^f^jX^Xj reduce to 

2 (2/ra'l-2/r-ia'2 + 2/r-2^3-"-)- 

Ex. If F,{x, y) = 2{y,.x^-tj,._^x^+y,._^x,^-y,._^x^+ ...), 
Fi(x, y) = 2(«/,..r2-«/,_,,T, + «/,,_„a;4-y,_3.r-+ ...), 

then F-^ {x, y) becomes 

F, (a, b) F, (X, y) + F,,, [a, I) F^{x,y)+...+ F, (a, b), F, (x, y), 
when we transform it by (iv) of § 6. 

§ 11. The Product of Two Hermitian Substitutions. 

The following results are similar to those proved in §§ 2-10 
and are established similarly. 

Suppose P-'^NP = A and PKP' = C. Then, if AK is 
Hermitian, so is NC ; and, conversely, if NC is Hermitian, 
so is AK. 

A given substitution A can he expressed as the i^i'oduct of 
two Hermitian substitutions, if and only if its complex 
invariant-factors occur in pairs of the type (A — a)'', (A. — a)^ 

Firstly, A cannot be so expressed unless its invariant- 
factors are thus paired. In fact, if K and AK = L are 
Hermitian, and Q is a substitution such that QK~^Q' is a real 
multiplication (§ 1), then A has the same invariant-factors as 

Q'-'LK-'Q' =± Q'-'LQ-' . QK-^Q', 

which is the product of a Hermitian substitution and a real 
multiplication. Now use Ch. II, § 3, Ex. 2* 

Again, take iV" as the canonical substitution into which 
A is transformable. Then if the invariant-factors of A are so 
paired, iV will be the direct product of substitutions of the 
type 

Vx =a2/i+2/2> ■■■,y'r-i ='^2/,-i+2/r. y/ =^2/,. L, 

z/ = ^x, + x„ ..., XV, = ^■x,.,+x,, x; = px,\ 

where 13 is real and oc unreal. 

* Or we may establish the result by combining Ch. I, § 6, Ex. 13, and 
Cli. II, § 2, Ex. i, without introducing Q. 
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We may take G as the direct product of substitutions of 
the type 

a;/ =y,, ..., x ,._^ = y.^, < = 2/1 | 

Ul'^ = «r, •••. y'r-i = ^2, yr= ^i \ ' 

X/ = Xj, ..., Z'j_j = X,^, A'/ = Xj 

Then C and ]\''C ai-e Hermitian, and therefore AK and /i^ 
are Hermitian. 

Moreover, if NF and F are Hermitian, we can transform 
^fijXiXj into the sum of Hermitian forms of the type 

+ {y,-^i+y,-iX2+--- + yi^,+^,yi+x,_^y^+...+x^y,) 

and + {X,X, + X,X,.,+ ...+X,_,X, + X,X,) 

without altering iV. 

The proof is as in § 10, noting that the equations (i) of § 4 
now become 

Cij = when A^ ^t Ay, 
and t;_,y^;_i = c;;_i^y_i when A,- = A • 

together with «;,■■ = r •,•. 

Ex. 1. If £'and AK are Hermitian. we can find a substitutiun 
E depending only on A (not on K) such that R^ = A and 
liAR'= AK. 

[The method is that of § 4, Corollary III.] 

Ex. 2. If A={x + 2y, —x-y) and K={-x—y, —x), find i? 

such that m=A and if^B'=J.iC= (-»/, -a;-2*/). 

[U P = (ia + 3/, -l±-^-^-±^2/) 

and -P =i o~^~2/' ~^-^ + '^j' 

then PuiP - 1 = xV = (tx, - ly), and C = P£^P' = {y, x). 

If i) = (^-^x, ^-^y), I)' = N and 2)C^'= NC. 

Hence, as in § 4, CJorollary III, 
if R = P-^JDP = {V2x+V2y, -^)' 

E^=A and BKEf^AK."} 
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§ 12. The Product of a Hermitian Substitution and a Real 
Multiplication. 

We can deduce properties of a substitution A which is 
the product of a Hermitian substitution and a real multiph- 
cation K. 

Suppose that of the coefficients of A", h are positive and 
in — k negative. There will be no loss of generality in 
supposing k > ^vi. 

The Hermitian form I,kfjXiXj is transformable into the 
form If^jXiXj, where F= PKP'. Hence, when '^fijXiXj is 
reduced to standard form, as in Ch. Ill, § 2, it becomes 

Now ^f^jx^x: was also reduced in § 11 to the sum of forms 
of the type 

± (y,-^l + ^,-l^2+-"+^l2/r) 

and ±{X,X, + X,X,., + ... + X,X,). 

But each of these is reducible by the method of Ch. Ill, 
§ 6, to the type 

as is at once seen by use of the identity 

2 (xy + xy) = (x + y){x + y)- {x -y) (x-y). 

Hence : — 

'A cannot have more than 2(m—k) unreal characteristic- 
roots. If exactly 2 k — m characteristic-roots are real, the 
con-esponding invariant-factors are linear.' 

Again : — 

'A cannot have more than m—k invariant-factors which 
are not linear. If A has exactly 7)i—k such non-linear 
invariant-factors, they are of degi-ee 2 or 3. If they are all 
of degree 3, every characteristic-root of A is real.' 

li A has exactly 3k — 2m linear invariant-factors, all its 
characteristic-roots are real, and the non-linear invariant- 
factors are of degree 3.' 

Ex. 1. Enunciate the theorems at the end of § 12, for the case 
2Jc<m. 

E s. 2. Obtain , by means of § 12, properties of a ' quasi-Hermitian 
substitution ', i. e. one of the type 
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where aij = a^^ if i and j are both < ft or both > k ; and otherwise 



'^ij = -^Ji' 



[Take iT as (a;,, 



*A;> 



*fe+l 



, ..., — a;„j).J 



Ex. 3. Find quasi-Hermitian substitutions with invariant-factors 
(i) {X-a)2, a real; (ii) (X-a), (X-a); (iii) (X-a)^ (X-af. 
[The substitutions with matrices 

1+a -1 I iioL + a) ^(a-a) j 

1 _i + a ' ; i(a-a) i(a + a) i' 

Take ^ as a canonical substitution with the given invariant- 
factors, K &s in Ex. 2, and (7 as in § 11. 

Choose P so that PKP'= C (§ 1, Ex. 7). Then A is P'li^P.] 

Ex. 4. In how many ways can a given substitution be ex- 
pressed as the product of two Hermitian substitutions ? 

[See § 4, Corollary I.] 



1 

15 



CHAPTER VII 

INVARIANTS OF THE SECOND DEGREE 

§ 1. Quadratic Invariants of any Substitution. 

In Ch. I, § 11, we defined an (absolute) invariant of the 
substitution A 

x/ = af^Xi + a,^x.2+ ... + a„„x^ {t = 1, 2, ..., m) 

and proved that if PAP~^= B and f{x^, x^, ..., x,^) is an 
invariant of A, then 

/(/)„a;i +^12^2+ ... +l\^X„„ po^X^ + P22X^+ ... +Pim^,n> 

is an invariant of B. 
If 
/(ail, a-2, ..., xj = ^CijXiXj {I, J = 1, 2, ..., m), c^j- = C;; 

is a quadratic invariant, we can give an alternative proof of 
this fact as follows : — 

Suppose C to be the substitution 

Xi ■= Cf^^X-^ + Cf2X^+ .,.■^C|„^X^, 

then, since ^CfjXiXj is an invariant oi A, ACA' = C by 
Ch. Ill, § 1. 

Then it is required to prove that 2 d^jXiXj is an invariant 
of B, where 

2c,j {PiiX^+PHX^+... +PimXj (PjiXi+ PJ2X2+ ... +2Jj,„xJ 

= J,di:XiX:, 

or D = PCP'. ' ■' 

Hence we must prove BDB' —D. 
But 

BDB' = PAP-^.PCP'. P'-i A'P' = P. ACA'. F = PCP'= D, 
which establishes the result. 

We proceed to find all the quadratic invariants of ^. By 
the above it is sufficient to find the quadratic invariants of 
any substitution iV into which A may be transformed; for 
then the quadratic invariants of A can be readily deduced. 
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We might take for JV the well-known canonical form which 
is the direct product of substitutions of the type 
x(= (xrci + ajg, a;/= ax^-^x^, ...,x'^.^ = ixx^_^ + x„ x/ = ixx^. 
It will save labour, however, to take lY as the direct 
product of substitutions of the type 
«,'= arCj + aajg, x^' = ax^ + ax.^, 

...,x',._, = cxx^.^ + ax,., x,.'= ax,, 

into which the previous substitution is at once transforined 
by writing 

ax^ for x^, a^iCg for x.^, ..., a'^'^aj^ for x,, 

i.e. the former substitution is transformed into the latter by 

The substitutions permutable with this new canonical form 
N are the same as those permutable with the usual form and 
found in Ch. V, § 2. 

Ex. 1. If J= 6^X1 + 6^X2+... +e,„x„^ 

is any relative linear invariant of A, (Cj, €2, ■•■ , e^) i^ * P°^^ "^ -^'' 
and when we operate with .4 on J, J becomes kl, where A is the 
corresponding characteristic-root of A'. 

Ex. 2. The number of independent absolute linear invariants 
of A is equal to the number of invariant-factors of A of the 
type (X-l)". 

§ 2. Quadratic Invariants of a Canonical Substitution. 

The most general quadratic invariant of the canonical 
substitution iV" of § 1 is evidently obtained by taking any 
pair of the constituent substitutions of which N is the direct 
product, finding eveiy quadratic invariant of this parr, and 
then adding all the invariants so obtained. The pair chosen 
may be distinct, or may be the same constituent reckoned 
twice over. 

First suppose that the pair is distinct and is 

Xj' = axj -f aa;^, . . . , x^i = <^x,_.^ + olx,, a'/ = aa!^) 

Take first of all r = s. 

Let an invariant of this pair be 

^^ijVi^j i^J = 1. 2, ..., r). 
Then 2 e^j {y/x/ - yiXj) = 0. 

where x/, y{ are given in terms oi x^, ...,x„y^,...,y,hy (i). 
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Equating to zero the coefficientB of 

we see that the following quantities vanish : — 
(a/3-l)ei,, (a/3-1) 612 + 611, 

(o(/3- 1)621 +611, (a^- 1)622 + 621 + 612 + ^11, 
(a/3-1) 631 + 621 , (a/3-1) 632 + 631 +e.^ + e^^ , 

(a^- 1)6,1+ 6,_ii, (a^-l)er2 + «,i + «,-i2 + er-i,. 
(a/3-1) 613 + 612, 

(a/3- 1)623 + 622 + 613 + 6,2, 

(0/3-1)6,3 + 632 + 623 + 622, 



[vn2 



(a/3-1) 6,3 + 6,2 + 6^.13 + e,_i2 

(a^-l)ei, + e,,_i 

(0/9-l)62, + C,,_i + 6i, + ei,., 

(a/3- 1) e. ,. +63 ,_! + 62^ + 62^.1 



^.(ii) 



(a/3 - 1 ) 6„ + e„_i + 6^.1 r + 6,._i ^_i 

A glance at these quantities shows that 6,-.- = for each 
value of i and j unless a/3 = 1 . 

If o^ = 1, we have at once 
together with | r (r — 1) relations of the type 

e,l+6r_12=U, 6f_i2 + 6y_23= O, ..., 

^r2'T'^r-l2'r^r-l3^^> ^r-13 "r ^r-23 "'"^r-24 ^= ^> •••> 

*r3 + *)— 13 + *j--14= "> *r-14 + *»--2« + ^c-26= 0' •••) 

*2r-l + ^lr ^^ 

63 r_i + C2 f _1 + 62 ^ = 



l + e3r-l + «3r=0 



i.e. in the matrix 



'r-11 



2r-l 



Br- 



r-lr-1 



.(iii) 



'r-lr 



vn2] 
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all the elements to the left and above the diagonal from 
e^ to ej are zero ; the sum of two adjacent elements in this 
diagonal is zero ; and the sum of two adjacent elements in 
a parallel diagonal * together with the element above one of 
these elements and to the left of the other is zero. 

It follows at once that e,j, e„, ..., e„ may be chosen 
arbitraiily, and then every element of the matrix (iii) is 
uniquely determined. Hence there are r independent in- 
variants of (i). 

By suitable choice of e,.^, e^, ..., e„ we can throw the 
invariants into a great variety of forms. We shall obtain 
here the most symmetrical shape. It is necessary to dis- 
tinguish the cases in which r is odd and r is even. First 
take r even, i.e. r = 2n.. 

Then choose 

f, — -i f, —n-\n p —n-ir> p _n-l/7 

*r» + l= ... = e^^ = 0. 

The matrix (iii) becomes, when each element is multiplied 
by (-1)"-!, of the type 



o 
o 
o 
o 
o 
o 
o 
o 

-1 



o 
o 
o 
o 
o 

-1 



o o o o 1 

o o o -1 5C^ 

o o 1 -*03«C3 

0-1 3C2-*Cj«C2 



' " 1 






1 -1 

o o 



1 

o 
o 
o 
o 
o 
o 



-1 

o 



,(iv) 



where for illustration we take ti = 6. 
Next take r odd, i.e. r = 2»i + 1. 
Then choose 

/> — 1 o — »-l^ -l-i e. =""^(7 4-4""^C 

^rn^ 1 +'2 ''1' *rn+l — '2) *rn+2^^ ... = t^^ = 0. 
* Those running from «rj to «2r i "n '° «sr > • • i 'r r-i '° 'r-i r ■ 
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"•< 
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^■^ 
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The reader will notice that the matrix is symmetric when 
r is odd, and skew-symmeti'ic when r is even. 

We shall denote the invariant whose matrix we have obtained 
by /i {x, y). 

The substitution 

will have an exactly antilogous invariant which we shall 
denote by /^ (x, y). 

The substitution 

x^=a.x^ + a.x^, x^=oix^ + OLx^, ...,x\_^=ocXr^i + aXr,x/=(xXr} 

y3=^y3+^yvy*'=^yi+^y5'-,y'r-i=^yr-i+fiyr.yr'=i^y^ 

has an analogous invariant which we shall denote by /j (x, y), 
and so on. 

The quantities 

fi(^>y),f2('^'y)' ••■,/r(a;, y) 

are evidently invariants of (i). They are the r independent 
invariants of (i) whose existence we proved before. 

We have 

fr {x, y) = x,y,; f,_^ (x, y) = x^_^y,-x,y,.^ ; 

fr-2(x, y) = a;,_22/r-«r-l2/r-l+a;r2/r-2 + ia;r-l2/r-5^ryr-i; 
fr-3(^> 2/) =^f-3yr-«r-22/r-l+a;r-l2/r-2-a:,-2/r-3 

and so on. 

The term of lowest weight* involving y^ has unit coefficient 
in each invariant. 

Now we suppose r ^ s, e. g. s > r. 

The argument is similar to that employed in the case of 
s = r, and may be left to the reader. The invariants are 
those obtained in the case of s = r, but with y,-r+i, 2/«-r+2 » • • • j 3/, 
written instead of 2/1. 3/2. ••• > ^/r-t 

This might have been anticipated, for the required invariants 
of (i) are obviously invariants of 

Xi=ax^ + ocx^, ...,x',.i= ax,_.^ + axr,x/=(xxr) 

/,_,+! = /3y,-,+a + )92/,-r+2. -. 2/'.-i = ^3/«-i +^2/..2//= ^y.) ' 

* The sum of the suffixes of x and y. 
t There is no invariant unless 0l$ = 1. 
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We shall still denote the invariants by 

/i (a^. 2/). /a (a^. ?/). -.^(35. y). 

Now take the case in which the pair of constituents (i) of iV 
is identical, so that 

a= /3,r = s; yi= x^, y^= x^, ,..,y,= x,. 

Anj' quadratic invariant of (i) will now be ^e^jXiXj, where 
Cy = eji. 

Equating to zero in Sey (x/xj —XiXj) the coeflBcients of 

•*'l I "*'l'*'2i ••• 1 •''i"*'r ' '''2 1 •*'2'''3> •■• > '''a'^'r i •••> ••'r i 

we see that in the array (ii) (which should have been printed 
as a determinant, had space allowed) all quantities in the lead- 
ing diagonal and to the right of and above this leading diagonal 
must vanish. 

But the array (ii) is now symmetrical about its leading 
diagonal ; and hence, as before, all elements of the array (ii) 
must vanish. 

Hence, as before, there is no invariant unless a^ = 1 ; and 
if a* = 1 the matrix (iii) takes the form illustrated in (iv) 
and (v). But if r is even, the matrix ^v) is skew-symmetric ; 
and therefore /j {x , «), obtained from f^ (x, y) by putting 
yi= Xi,y2 = X2, ..,,yj.= x^, vanishes identically if r is even. 

Hence the required invariants are 

fr (^. a;), /r-2 {X, X), /^.^ {x, x), .... 

/[^(r + 1)] in number.* 
We have 

fr (^1 X) ^ Xf , /r_2 (X, X) = 2x^^2^r~^ r-1 + ^r-l^ri 

fr-i{^>^) ^ ■''Xr-iX^r~'^^r-3^r-l'^^ r-2 + ^^r-a*r 

— SCf-jiCf-i + Xf_2^f, 

and so on. 

Return now to the canonical substitution N". Suppose it to 
be the direct product of substitutions on variables x^, x^, ... 
with characteristic-root a (ot* ^ 1), of substitutions on vari- 
ables 2/1, 2/2, ... with characteristic-root a"^ (and so on for 
each characteristic -root whose square is not unity), and also 
of substitutions on variables X^, X^, ... with characteristic- 
root + 1> and of substitutions on variables fj, fj, ... with 
characteristic-root — 1. 

Then the most general quadratic invariant of N will bo, 
as explained at the beginning of the section, the sum of 

* / [x] means ' the integral part of x '. 
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a quadratic form on the variables X, a quadratic form on the 
variables ^, a bilinear form on the variables x and y, and of 
similar bUinear forms for each characteristic-root whose square 
is not unity. 

The detex'minant of the quadratic invai'iant of N will be 
the product of the determinants of these quadratic or bilinear 
forms, of which it is the sum. 

Ex. 1. What invariant is obtained by taking 

e,i = 1, e,2 = e,.3 = ... = e^ = in § 2? 

+V,-Ax,-*C^x, + ^a,x-,-^aiX,+ ...)+ ....■] 
Ex. 2. Find the quadratic invariants of 

x'=y, y'=eix + e^y. 
[If 6^= —\, a(x--eiXy + y\ 

If C; = 1 and e,2 = 0, a {a^ + y^) + 2hxy. 

If Ca :^ and Ci = 1 +C2, a(e^x±jf)'.2 

Ex. 3. Find the independent quadratic invariants of 
Xi'=X2, x^= -oi?x^+20Lx.2, yi'^Vi, yi = -./3*yj + 2,iy.^, 
where a^ = 1 and (X^ ^ 1. 
\jyiX^+y.iX^-^y-^x.^-a.y.iXi and /3yia;2-ay.ja;,.] 
Ex. 4. There is no cubic invariant ^ciijkXiyjek of 

a;/= aa;, +aa;2, ..., a;^-! = aa;,._i+ax,., x/= ocXr 

yi'=^yi+fiy', -, y'r--i = ^Vr-i+i^yn y/=i^yr- 

unless ft/Sy = 1. 

If aSy = 1, find the independent cubic invariants in the cases 
>•= 1,2,3. 

Qr = 1 gives the invariant a'lj/i^i. 
»-=2 gives a:22/2i;^> and x.^iyiZ^-y-i^i), y-ii^i^i-^-i^iV 
»- = 3 gives x.jy.jS-j; x^d^^z.^-ys^i), yii^i^i—^a^ii'j 
and XiyjZs—x^ysSi + Xsyiei-x^yiej+x^yiZi — x^yjZi, 
with —Xiy.^Zi + X3yie-i + x-^ysSi+Xf^y.^e^, 

and two similar invariants. 

Discuss the cases /3 = y, y = ^ and a = ^ = y, x = y = e.^ 

* «, ix^!/,j-x.jy^) 18 not independent of these, 
lilts V 
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Ex. 5. There is no quartic invamnt ^OyVcj XiPjZj^.Wi of 
Xj'=a.Xi + (XX2, ..., a;',._i =««,._! + 0(0;^, x/=a.x,. ■. 

«i'= y«i + y«2! - > ■^',-1= y^i-i + x^,-. V= x^.- | 

«Oj' = 8wi + 6«;2, ■•■, ^<'',-i= Sm',-i + ^"')> m',.'=6m;,. 

unless a/3y8 = 1. 

If OL^yh = 1, find the independent quartic invariants in the 
cases r = 1, 2. 

[r = 1 gives the invariant x-^y-^z^w^- 
r = 2 gives a;2yo^2«t'2 ; 2/2^2 (^i*<'i~*2'''i) ^'^'^ two similar in- 
variants; (yi«2— 3/2'8'i)(^i«<'2~^2"'i) and a similar invariant.] 

§ 3. Quadratic Invariants of a Substitution Transformable 
into its Inverse. 

We now consider a substitution in which each invaiiant- 
factor (A — a)", where a*^l, can be paired with an invariant- 
factor (X — a"^)". These are of special importance as including 
orthogonal substitutions.* In fact, if A is orthogonal, A has 
the same invariant-factors as its inverse ; since A'=^A~^, and 
A and A' have the same invaiiant-factors whatever A may 
be. Therefore, by Ch. II, § 5, Corollary II, A must have its 
invariant-factora paired as stated. 

Suppose then the canonical substitution N has constituents 
with invariant-factors 

(\-a)», (X -«-!)«, (X-a)^ (X-a-l)^ (X-a)<', (X-a-i)", ... 
where a >b ^ c > ... . 

The pair of constituents with invariant-factors (X — a)", 
(X — a"^)" gives rise to a independent quadratic invariants; 
the pairs with invariant-factors (X — a)", (X — a"^)* and (X — a)'', 
(X — a"*)" to b independent invariants each; the pairs with 
invariant-factors (X — a)», (X — a"^)" and (X — a)", (X — a~')" to 
c independent invariants each ; . . . ; the pair with invariant- 
factore (X — a)'', (X — a"i)* to b independent invariants; the 
pairs with invariant-factors (X — a)^ (X — a'^)" and (X — a)" 
(X— a"^)'' to c independent invariants each ; and so on. 

We thus get 
{a + 2b + 2c+2d + ...) + {b + 2c + 2d+ ...) + {c + 2d+ ...) + ... 
or a + 3b + 5c + 7d+... 

independent invariants of N. 

* But such a substitution is not of necessity transformable into an ortho- 
gonal substitution ; see Ch. VIII, § 1. 
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Suppose now that N has constituents with invariant-factoi-s 
(X_1)A (X-l)fc,(X-l)I,... 
where h >k>l > .... 

The constituent with invariant-factor (\ — 1)'* gives rise to 

I — — independent invariants ; the pair with invariant- 
factors (X— 1)* and (\ — 1)^ gives rise to k independent in- 
variants; the pair with invariant-factors (A — 1)'' and (A — 1)' 
gives rise to I independent invariants ; and so on. 

A similar argument holds for invariant-factora which are 
powers of (A + 1). Hence : — 

The number of independent quadratic invai'iants of a 
substitution with invariant-factors 

(A-a)«, (A-a-l)^(A-a)^(A-a-l)^ (X-a)^ (A-a-y, ..., ..., 

where a >b > c > .,., 

and ivith invariant-factors 

(A-i)V(A-l)*, (A-1)', ..., 
where h > k >l > ..., 

and invariant-factors 

(A-t-l)", (A + l)9,(A + ir, .... 

where p > q>r > ..., 

is 

/[i(A + l)] + /[A(i + l)] + /[|(Z+l)] + ... + (A;-H2i + 3m+...) 

+ 2(a-|-36-t-5c-l-7d+...), 

the sumTnation being taken over each distinct pair ofredprocal 

characteristic -roots of the substitution. 

Ex. Find the number of quadratic invariants of the substitu- 
tions of Ch. I, § 3, Ex. 6, 7 ; § 6, Ex. 8 ; § 9, Ex. 3, 5. 

§ 4. Hermitian Invariants. 

From the equations of § 1 defining A 

x/ = afiXi + af^X2+ ... +af„,Xj„{t = 1, 2 m) (i) 

we deduce 

x/= a<iXi+d^2X2+... + a„n^m(*= 1. 2, ...,'m) (ii) 

If ^iiXjX; is an invariant of A, so that 

^eijx/xj' = le^jXiXj {i,j = 1, 2, ..., m), 



156 HERMITIAN INVARIANTS [VII 4 

we may consider ^efjXiXj as an invariant of the substitution 
^ of degi-ee 2m formed by combining equations (i) and (ii) ; 
JCj, x^, ..., x^ and 5„ x^, ..., x„ being now considered distinct 
variables. 

If P'^AP = N, where N is the canonical form which is the 
direct product of substitutions of the type 

x.^ = OLX^ + oix^, ..., a;',._i= aa^.j + ao;,, a;/= a.x„ 
and P is 

^t=Pn^l+Pt2-^l-^---+Pim'^m (* = 1.2 ™). 

then P-'c/ZP =^, where ^ is the direct product of 

x-^ = aajj + aXj, x\_-^= yx^._■^^■^■OLX^, x/ = aa;^! 

and ? is defined by 

Xf = P(iX^-'rPii<'Bi+ ■•■+Ptm^m\ /^ _-^ 2 m) 

Hence the invariants Se^x^x- of J. (or e//) can be deduced 
from those of N {or CJ^). Such an invariant will be Hermitian 
when e,-; = e,-,-. 

Now if iV is the product of pairs such as (i) of § 2, W will 
be the product of substitutions such as 

«,'= aaij + aa;^, ... , a;',._i= aic,._^ + aa',., a;/= aa-^l 

^i'- ^Vi+^y^, •■■>y',-i = ^Vs-i + ^Vs'VJ = ^ye^ 

and 

«/ = a5, + ax2> •••» ^'i-t = a«,._j + aa',., ^/= oiiB,.1 

Vi = fiVi+^Vi, ••• . 2/Vi = i^Vs-i+^y,' y,' = ^y,)' 

We have then as corresponding invariants of N of the 
required type when a^ = 1 and r = s 

/i(a;,y),/2(a;,y). ...,fr{oc,y) ».-aif^{x,y),f^{x,y), ...,f,{x,y); 
and similarly when r ^ s. 

The functions /"jj/j, .. are defined in § 2. 

There will be no corresponding invariant when a/3 ^ 1. 

The corresponding Herviitian invariants of N are 

fr (a', y) +fr (^, y)J'r-i (aj, y) +.f,-i (*, 2/). /.-aCa^. y) +f,-2i^' y)'--> 

i.e. ^ra;, + 2/r;r,., yr^^r-i-yr-l^.+yr^r-l-yr-l^r, &C. 

Take now the case in which N has a constituent 

Xy'= aajj + aa;^ x',._^= ax^^-t + ax^, a;/= aa;^ 
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and therefore 3^ has the pair of constituents 

x{ = ax^ + ocx^, ..., a;',._i= ocx^.-^ + ixx^, x^ = (xx,\ 
x(= a^i + ax^, ..., 5Vi = a^r-i + «^f. ^/=a^rJ ' 
If aa = 1,* ^has the invariants 

/i (a;. ^), A K !») /r(a.-, ^), 

while there are no such invariants if a.Oi^\. 

The corresponding Hermitian invariants of N are 

/r («. ^)' */r-l («. ^). /r-2 i^^ ^)> \fr-Z (•^. *).•••. 
I.e. 

x^x^, i{x^_^x^-XrX^_.^), a;r-2^r-a3,_iX^-i 

+ x^x,^., + ix,_-iX^ + ^x^Xr_i, &c. 

An argument similar to that of § 3 now shows that : — 

For a substitution A on a, , Xj, ..., a;„ with invariant- 
factors 

(A_a)a,(A_a-i)a, (A-a)6,(A-a-i)6,(x_a)S{A-a-i)'', 

ivhere a >b > c > ,.., 

and with invariant-factors 

(K-e)\ (\-e)^ (A-.)' , 

where 1 1 1 = l and h > k > I > ..., 

the number of independent invariants of the ty^ye ^e^^x^x- is 

S2(a + 36 + 5c + 7rf+...) + 2(A + 3A; + 5i + ...), 

and the number of Herm,itian invariants is 

2{a + 3b + 5c + 7d+...) + I,{k + 2k + 3l + ...). 

The first sum,mation is extended over each pair of charac- 
teristic-roots a and 5"^ of A, and the second summation over 
each characteristic-root e of unit m.odulus f 

Ex. 1. Find the number of Hermitian invariants of the sub- 
stitutions of Ch. I, § 3, Ex. 5, 6, 7 ; § 6, Ex. 8 ; § 9, Ex. 8, 5. 

Ex. 2. Any substitution of finite order has a definite Hermitian 
invariant. 

* i.e. I a I = 1. 

t On the subject of invariaiits the reader may consult papei-s by C. Jordan 
in Liouville's Journal, (1888) p. 349, (1905) p. 217, (1914) p. 97. 



CHAPTER VIII 

ORTHOGONAL SUBSTITUTIONS 
§ 1. Invariant-factors of an Orthogonal Substitution. 

We obtained in Ch. VII, § 2, the most general invariant 
2e,;a;,a;,- of the canonical substitution N. 
If the determinant 
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of this invaiiant is not zero, the invariant can be reduced 
(Ch. Ill, § 6) by a suitable change of variables to 

^1 "'" ^ + . . . + x^ , 
and the change of variables will convert N into a substitution 
with (Xj^ + Xj^H- ... -l-x„j^) as invariant, i.e. into an orthogonal 
substitution. 

It will be useful then to determine the conditions under 
which the determinant (i) does not vanish. From Ch. VII, § 3, 
it is clear that wo may confine ourselves to the case in which 
iVis the dii-ect product of constituents each of which has an 
invai-iant-factor which is a power of X — 1, or each of which 
has an invariant-factor which is a power of A + 1 ; and to the 
ceise in which iV is the direct product of paii"s of constituents 
with invariant-factors such as (\ — a)" and (\— a~*)", (a'' ^ 1). 

(1) Suppose, for instance, that iV is 
x/= a (x^ + x^), .'2'= a (x^ + x^), x^'= txx^; 

x/ = a (x, -I- Xg), Xg' = a (xg -I- X3), X3' = 0X3 ; 
y/= a-' (2/1 + 2/2), 2/2'= a-^ (^2 4-2/3), 2/3'= a"^2/3; 

y/= a-i (yi 4 72), 72'= a-' (72 + 73). y3'= «"' Vs ! 

5/= a (Si + =2), H2'=aE2; 

r)i'= a-^(j7i + jj2), »?2'=a'^'?2; 1i'=a"Hli + l2). I2'=a"'l2; 

H/=a-i(H, + H2), H2'=a-iH2. 
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Let any quadratic invariant be (with the notation of 
Ch. VII, § 2) 

(o/i («. y) + ¥i (x, y) + c (x, y) + d/i (x, y) 

+ lA (f n) + m/i a, ri) + n/i (S. 'j) +i>/; (^, l) + ?/i («, l) 

+ r/j(E , T,) + u/, (e H) + 1;/, {i, H) + w/^ (E, H } 

+ ja'/2(a;, ^) + .._.} + {a'%{x, y) + ...]. 
The determinant of this invariant is symmetric and of 
order 24, the first 12 elements in the first 12 rows and the 
last 12 elements in the last 12 rows being zero.* Hence 
the determinant is minus the square of the minor determinant 
formed by the last 12 elements of the fii'st 12 rows (or the firet 
12 elements of the last 12 rows), which is of the type 
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(ii) 



the asteiisks denoting certain quantities which aie not zero in 
general. 

Now rearrange rows and columns in (ii) so that the rows 
and columns now in the order 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12 
take respectively the orders 5, 3, 1, 6, 4, 2, 10, 7, 11, 8, 12, 9 
and 1, 3, 5, 2, 4, 6, 7, 10, 8, 11, 9, 12. 

The determinant (ii) now becomes 
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must vanish ; and a similar result holds in the general case. 
The reader will easily verify in a similar manner that (ii) 
always vanishes unless the invariant-factors of N are grouped 
as in Ch. VII, § 3. This agi-ees with the theorem proved in 
that section for orthogonal substitutions. 

(2) Now suppose that N is, for instance, 

Xj =■ a'j +X2, X2 = X.^ + X.^. X,j ^ X.^; 

ii = ii + ^2- ^2'-^.; «i'=«i + i2- «2'=«2; 

- '— ■s A.Z r '— 5 

-1 — — iT— 21 —2 — — 2- 

The most general quadratic invariant has now a determinant 
such as (ii), but with 

b = c, I = q = w = 0,i p = ~m, u = —n, v = — ?• ; 
so that 
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I 


m, 


n 


p 


1 


r 


It 


V 


^v 



skew-symmetric. 

But a skew-symmetric determinant of odd order vanishes.J 
Hence an orthogonal substitution cannot have an odd number 
of invariant-factors of the type (X — l)*" or an odd number of 
the type (A + ly, where r is a given even integer. 

Hence : — 

A buhst'dution is transformable into an orthogonal sub- 
stitution if and only if it has not got exactly {2p + 1) invariant- 
factors of the type (A. — l)"" or of the type (A + 1)'', ivhere r is 
a given even integer, while its invariant-factors which are 
not poivers of (A — Ij or (A + 1) occur in pairs of the type 
(A -a)", (A-a-i}« 

It is easy to constnict an orthogonal substitution with given 
invaiiant-factors satisfying the conditions expressed in this 

* Cf. Ch. VI, § 4, Corollary II. 

t Since /,(f, 0, A (£, t), /i(H, S) vauish identically. 

t Otherwise changing rowB into columns would alter its sign. 
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theorem. We have only to write down a canonical substitu- 
tion iV" with the given invariant-factors, take any invariant 
with non-zero determinant, and put this invariant in the form 
^1' + $^ + €,'+.: by Ch. Ill, §6. 

Now express N in terms of fj, fg, ^3, ..., and it becomes 
the required orthogonal substitution. 

Ex. 1. Find an orthogonal substitution with invariant-factors 
(A- a), (\-a-i). 

[a/= ax, y'=- (X'^y has the invariant 

Hence if we express a^= ax, y'= a'^y in terms of 
^ = ^{x+y), n = ^{ix-iy), 
we get the required orthogonal substitution. It is 

$ = — 2 — ^~* — 2 — ''' '' — 2 — ^"^""^ — ''■J 

Ex. 2. Find an orthogonal substitution with the invariant- 
factor (X— 1)', and an orthogonal substitution with the invariant- 
factors (A.- If, (X-l)2. 

§ 2. Transformation of one Orthogonal Substitution 
into another. 

Just as in Ch. VI, §§ 5 and 6, we proved that it was possible 
to transform the symmetric substitution J. by a suitable 
change of variables so that A became a canonical substitution 
and ^i^-f-ajj^-f- ...+a;„,^ took a certain canonical shape, so we 
can prove that : — 

If A is orthogonal, we can transform A into the canonical 
substitution N, which is the direct product of substitutions 
of the type 

Xj'= a (Xi+x^), ..., a;Vi = a (ic^-i + £c,), x/= ax, ] 

2/1'= ot'Hyi+y^), •••. y'r-i = a"M2/--i + yr). 2//= a''2/,-l ' 

where either a^ ^ 1 or else a* = 1 and r is even, and of 
»id)8titution8 of the type 

X,'=(xiX, + X,). ..., ZVi= a(^.-i + ^,), X;= aX„ 

where a'' = 1 and r is odd ; and at the same time transform 
x-^ + x^+ ...-{■x^ into the sum <t of functions of the type 

■ Ml X 
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fi{x,y) and f^{X,X) respectively; /j being defined as in 
Ch. VII, § 2. 

The theorem will be proved in § 3. 

We shall assume its truth for the present and deduce the 
theorem : — 

Any given orthogonal substitution can be transformed into 
another given orthogonal substitution with the saine invariant- 
factors by an orthogonal substitution. 

For we can choose substitutions P, Q such that 
P-^NP = A, Q-'^Q = B, 
where N is the canonical form of A or B, and such that P and 
Q transform x^^ + x^+ .,.+ x^^ into <r. 

If G is the substitution con-esponding to the bilinear form a, 
we have, by Ch. Ill, § 1 , 

PP'= C, QQ'= C. 

Hence, as in Ch. VI, § 5, the orthogonal substitution P'^Q 
transforms A into B. 
Again : — 

Any given quadratic invariant with non-zero deterTninai^ 
of a substitution A can be transformed into any other given 
quadratic invariant ivith non-zero determinant by a change 
of variables which does not alter the substitution. 

Let the substitutions corresponding to the two given in- 
variants h and k oi A he H and K, and let P and Q be the 
substitutions transforming h and k into o- and such that 

P-^NP = A, Q-^NQ = A. 

Then, by Ch. Ill, § 1, we have 

PHP'= C, QKQ'= C. 

Hence Q'^P ti-ansforms h into k and is permutable with A, 
for 

{Q-'P)H{Q-^P)'= Q'KPHP'. Q'-« = Q'CQ'"' = K, 
and 

{Q-'PyA(Q-'P) = P-^ .QAQ-^^ .P= P-^NP = A. 

Ex. 1. An orthogonal substitution can be transformed by an 
orthogonal substitution into the direct product of an orthogonal 
substitution with no linear invariant-factor and of substitutions of 
the three types 

(i) x: = X, (ii) a/= —x, 

(iii) x'=coa6 . x—s\nd .y, y'= aind .x-^eo&& .y. 
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[It is evident that an orthogonal substitution can be constructed 
of this type having the same invariant-factors as the given sub- 
stitution.] 

Ex. 2. A given real orthogonal substitution can be transformed 
into another given real orthogonal substitution with the same 
invariant-factors by a real orthogonal substitution. 
[Use Ch. I, § 15.] 

Ex. 3. Transform the real orthogonal substitution 
9x' = ix—i/ + 8e, 9y'=—7x + iy+Ae, 9e'= —ix-8i/ + g 
into x'= —y, ^= x, e'— z. 

[Transform by 

Zx'=x-^^y->r'2.z, 8y'-2x+y-2z, 3e'= 2x-2y + g.2 
Ex. 4. Transform 

23^ + 7y^ + 20z^ + 24i/z+12ex+7xy 
into 43^+15y'^ + 52s^ + 56yz + 28ex+15xy 

without altering the substitution 

A ={3x+iy + 8s, -3x-3y-8z, x + y + 3z), 
of which they are invariants. 

[If P = (-2y-z, 2x+By + 2z, -x-y-e), 
q=,{2y-s, -2x-y-Sg, x + 2g), 
N=(x+y, y + e, z), C = (-z, y-^z, -x-^y), 
H=.(2x-^ly-ir&z, lx+7y+\2z, Qx-{-12y + 20z), 
K=(4:X-ir^y + Uz, ii-x+lby+28z, Ux + 28y + b2z), 
we have P-^NP = A, Q-^NQ = A, PHP'= C, QHQ' = C. 

Hence the required transforming substitution permutable with 
^is Q-'^P = {-Bx-iy-8z, x-y. y + z)."} 

§3. 

We now prove the fii-st theorem of § 2. The proof is very 
similar to that of Ch. VI, §§ 6 and 10, except that A is ortho- 
gonal instead of symmetric or alternate. 

Suppose that, when Ave replace 

X, by r,ia:,-Hr,2a-2 + ... + i-„„a-,„ (t = 1, 2, ,..,m), 
il becomes iV and iCj* + a/ -I- . . . -f a-,„^ becomes SfijXiXj. 

Then R-^NE = A and RR'= F (Ch. I, § 5, and Ch. Ill, § 1). 

By Ch. VII, § 1, ^fij^iXj is an invariant of N, since 
Xi^ + x^^ + ...+ xj is an invariant of A . 
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Assume now that D can be chosen so that, when we replace 
Xf by d^■^x■^ + d^^X2 + ...+d^,rl^J^ {t = 1, 2, ..., m), 
iV is unaltered and IfijX^Xj becomes o-.* 
Then D-'^ND = N and DFD'= C. 
Hence, if 
F = BR, P-^NP = 5-1 . D-^M) . R = R-^NR = A, 
and PP' = DR . R'D' = DFD'= C, 

so that, when we replace 

Xt by Pn'^i+Pi2'«2+ ■■■+-Pf,ii^m {t = 1. 2, ■•■, w), 
j4 becomes N and a;,^ + a;^^ + . . . + a;,„^ becomes a. 

It remains then to justify the choice of D. As in Ch. VI, 
§ 6, we may confine ourselves to the case in which N has only 
one distinct characteristic-root. 

If we perform the transformation (iv) of Ch. VI, § 6, on 
/j (x, y), we obtain 

{ /,■ (a. &) -/i (^^ y) +/,-! («> ^) -/z (aJ. y) +fr-M &) -/s (a;. 2/) + • • • 

+/i («>&)•/; (a;. 2/)} 
when r is even, and 

{ ft (». ^) • /i (^. 2/) +/r-i (a. &) -/a («. 2/) +/r-2 («. *) -/a (a:, 2/) + • •• 

+f^{a,h).f,{x,y)} 

+ ^ { A-i («, ^)/4 (a^^. y) +/,-3 («. &) -/e (^. 2/) + • . • 

+/4(a.^)-/r-i(a'.2/)} 
when r is odd. 

This may be proved by induction as follows : — 

The result is easily verified to be true when r = 1, 2, 3, 4, 5. 

Assume it tnie for all values of r up to the one considered. 

Since /j {x, y) is an invariant of 

Xi = (x{Xi + X2), ..., x',.i = a(a;,_i + a;,), x/= ax, 

2/l'= /3 (2/1 + 2/2). •••. 2/'r-l = fi(yr-l + yr)>yr'= ^yr. 

where a/3 = 1 , and since the substitution (iv) of Ch. VI, § 6, is 
permutable with N, therefore f■^ {x, y) must be transformed 
into another invariant of N, e. g. 

kJii^>y)+Kf2i^,y)+KM^,y)+--+K-Jr-ii<^'y)+KfA^'y)- 

If in /j {x, y) we put x, and y^ zero, we get the result of 
changing x^, x^, x^, ..., x, into 0, x^, x^, ..., x,.^ 
and yi> yi^yz, —,yr into 0, i/i, 2/2, ..., 2/r-i 

in — /(+2(^i2/)' as is obvious from the matrix of ftix.y) as 
given in Ch. Vn, § 2. 

* Whatever substitution permutable with N D may be, D transforms 
2/,j- X, Xj into an invariant of N. 



(i) 
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Hence by the given transformation the invariant f-y («, y) of 

<= a (^1 + 332). •••. a;'r-2 = a(a;r-2 + ^r-l)' ^'r-\ = <^^r-l} 
2/1'=^ (2/1 + 3/2). -. y'r-i = /3(2/r-2 + ^r-l). 2/'r-l = /3 2/r-l » 

is transformed into 

^"1/1 («. 2/) + ^2/2 {x,y) + ...+ k,.J^.^ {x, y). 

But the result is assumed true when r has any value less 
than the one considered, so that fc,, k^, ..., k^_^ have the 
values stated in the theorem we wish to prove. 

Also, when we actually perform the transformation on 
/i {^^ y)> ^e can pick out the coefficients of /,_i {x, y) and 
fr{x,y), thus obtaining k^=f^(a,b) and A;^_j =/2(a, 6) or 
/jj (a, b) +^fi (a, b) as r is even or odd. 

(1) Suppose we first consider a case such as that in which 
iV^is 

x^ = a{x^ + x^,X2'= (x{x2 + x^),x^'= (xx^; 

2/1'= ^ (2/1+2/2). 2/2'= ^ iVi+y^)^ 2/3'= /32/3 -. 

Vl = P ('?1 + »?2). 12'= ^^2 J ' 

where a^S = 1 ; so that iV^ is the direct product of a paii- of 
substitutions of degree 3 and a pair of lower degree 2. 
Any invariant of N takes the form 

{a/i {X, y) + a'f, {X, y) + a"f^ {x, y) } + {df, (f ,,) + d'f, (^, r,) ] 

+ {bf, {X, r,} + b'f, (X, ,,) } + {cf, (l y) + c% (f y) }. 
Now put 

^i + kx^ + k'xr^ for ^1, 4 + A;a;,j for ^^l 

11 + ^2/2 + ^'2/3 ^or 'Ji. '?2+^2/3 for Tjji' 
This will not alter N, and will transform the invariant into 

{J/i(x, 2/) + ... + ...} + {d/,(f, ,) + ... } + {£/;(a;,r,) + F/,(x,,,)} 

+ {CfAty)^C%.{^,y)]. 

Then we can choose k, k', I, I' so that B, B', C, C vanish ; and 
the invariant is the sum of a bilinear form on x, y, and 
a bilinear form on ^, i;. 

Similarly in such a case as that in which N is 

<= a {^1 + !^^, <= a {^2 + ^3)' <= «^3 ; I 

where ck^ = 1, we put 

^^ + kx2 + k'x^ for fi, ^2 + ^^3 fo^ ^2' 
Xj + Z«2 + ra;3 for Zj, X^ + lx.^ for Zj) ' 
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and then choose k, k', I, I' so that the invariant hecomes the 
sum of a quadratic form on Xi,x^,x^, and a quadratic form 
on ^1,4, Zi, Zj. 

(2) We can now confine ourselves to the case in which N is 
the direct product of constituents each of which is of the same 
degree. 

Suppose N is, for instance, 

x^'= OL (aii + a;^) x',^^ = a. (a;,-i+x,), x/= ax, 

y/= fi (yi + Vih -, /r-1 = ^ (2/r-l + 2/r). 2//= ^Vr 
Vi = ^K + %), •.-. Vr-l = I3{nr-1 + Vr)> W = ^"/r 

where a/3 = 1. 

Any invariant of non-zero determinant is 

{«/i (a;, y)+a'f^ (x. y)+a"f^ {x,y) + ...} + {bf, {x, r,) + ... } 

+ {cfA^,y)+-} + {dAi(,r,) + -U 

where I « J | ^0. 

Put 

i-ajj + Z^j for x^, kx^ + l^^ for rc^, ..., kx, + l{, for a;^} 
ina^i+Tifj for $^, wiXg + n^for ajj, .... ma;, + ii^^ for $,)' 

Then iV is unaltered and the invariant becomes 

{ Af, {x, y) + A'f^ {x, y) + A"f^ (x, y) + ...} + { Bf^ (x,ri) + ... ] 

where 

A = a^ + c7?i, £ = hk + dm, C = ai+cn, D = bl + dn. 

We can choose k, I, m, n to make A = D = 1, B = C = 0; 
and then we can apply the method of (1) to transfoi-m the 
invariant into the sum of a bilinear fonn on x, y and a bilinear 
form on f r] without altering N. 

Suppose, again, N is 

Xi'=oc(x^ + x^, x{= OLx^; a;8'=a(a;3 + a;J, xl= a.x^\ 
<=a(a;5 + a!g), x^=aix^; x^=tx{x^Arx^, x^^olxX 

where a'' = 1, being the product of four constituents each of 
even order 2. 
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The determinant of any invariant of N is of the type 



'11 



— r. 
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— r, 
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— 1 
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34 
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'14 
* 

^24 
* 

^34 
* 

^44 
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(the asterisks denoting as before quantities not necessarily 
zero), where ™ 



'12 



'34 



is skew-symmetric. 
Put now 

a^^x^+a^^x^4■a^iX^ + a^^(c^ for cc,, 

a2la^ + a22X^ + aJsX^ + a^^x^ for x^, 

«3la'l + «32'^3 + a38«5 + «34a^ for x^, 

"41^1 + "^42^3 + "43'''5 + *44^7 ^^^ ^> 

«n^2 + «12^4 + «13^6 + «14^8 ^0^ X^\ 

a^iX^ + a^^x^ + ajjgajg + a^^aig for x^ \ 

«3ia;2 + «32^4 + «33«6 + "34a'8 ^r ^6 i ' 

a^^x^ + a^ja;^ + a^x^ + a^^iCg for aig I 
the constants a^.- being chosen so that the substitution of 

«/l«l+«f2«;2 + a/3«3 + «(4^4 ^°^ *<| « = 1 2 3 4^ 
«»2/i + «/2y2+««2/3 + a(4^4 for 3/<P ' ' - .> 

reduces the alternate bilinear form 2 fijViXj to 

2 »-y- (a,i2/i + aiiVi + ««32/s + «i42/4) i^ji^i + "j^aJz + «j3»3 + a/4a;4) 

= {yi^2-yi^i) + iyi^i-yt^s) + iy&^^-yi^s) + (2/7*8 -j/s*;)* 

Then the matrix of the invariant takes the fonm 
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• See Ch 


III, 


§7. 
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We now put 

kxi + k'x^ + x^ for x^, kx^ + k'x^-{-x^ for xj 
Ix-^ + l'x^ + x^ for x^, lx^ + l'x^ + Xg for xj' 

and by a proper choice of k, ¥, I, V we can reduce the invariant 
to the sum of a quadratic form on x.^, x^, x^, x^, and a quad- 
ratic form on x^, x^, x^, x^ as in (1). 

If N is the product of constituents each of the same odd 
order, the procedure is nearly identical with that used when 
discussing symmetiic substitutions in Ch. VI, § 6, (2). 

(3) We can now confine ourselves to the case in which N 
has a single pair of invariant-factors (X — a)'', (X — a"^)"" where 
a* ^ 1, a pair of invariant-factors (X— a)*", (K — ay where 
a* = 1 and r is even, or a single invariant- factor (X — a)'' where 
a^ = 1 and r is odd. 

We will take one of these cases, leaving the other two as an 
exercise to the reader. 

Suppose, for instance, N is 

<= aCa^i + a^a), ..., x\_^= ix{x^_i-¥x,), a;/= ax,, ... (ii) 
where a^ = 1 and r is odd. 

Any invariant of N of non-zero determinant is 

KA{^,^)+hM^>^) + ----^^rfr{^,^), where k^^O, 
remembering that, if r is odd, /aCa;, x), f^{x,x), /^{x, x), .... 
vanish identically. 

Put «,a!l + a^_^a■2 + a,_2^3+...-^a^a;, for xA 



a^x^ +«r-ia;3+ ...-f-a^^a;, for rCj 



I. 



a^x^ for X, 
This does not alter N and reduces the invariant to 
K^A{x,x)+KJ^{x.x) + ...-\-KJ,{x,x) 
where K^ = k^ f, («. «). J^i = Kfr-i («. «) + ^3 /r («. «). 

Choose a,_j= a,_3= a,_5 = ...= 

(or take any other arbitrarily chosen values). Then we can 
choose in turn a,., a^.^j '^r-*' ••• to satisfy the equations (iii) 
when we take 

/Tj = 1, K^—K.l^=K^ = ... — ^, 
remembering that 

St K «) = «r*. //--i (a. «) = 2a,o,.2-a%_i-H a^.ia,, &c. 
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We have thus reduced any invaiiant of N to the form 
/j {x, x) without altering N, as required. 

Ex. 1. Find the number of orthogonal substitutions permutable 
with a given orthogonal substitution having a single invariant- 
factor (A.— l)*", where r is odd. 

[It is sufQcient to find all substitutions permutable with 

and having /i (x, x) as an invariant.] 

Ex. 2. Find the number, if the given orthogonal substitution 
has the pair of invariant-factors (\— a)'', (A.— a"^)^ 

[Other cases may be taken as examples ; for instance, the case in 
which the given substitution has the pair of invariant-factors 
(\ — 1)'', (\— l)*", where r is even.] 

Ex. 3. If we perform the transformation (iv) of Ch. VI, § 6, on 
the invariant ^/aj {x, y) of Ch. VII, § 2, Ex. 1, we get 

>^, (a, 6) . >//i {x, y) + ^r-\ (a> 6) • ^2 («. 3/) + • • • + V'l {o, V) ■ iir (a-, y\ 
[Put Xy = 0, and use induction.] 

Ex. i. Show that the substitution (i) of § 3 is transformable 
into its inverse by the substitution K 

^3= -y3+^C2yi-*(^2y-,+ ■■■ 



y\ = -x■^■>^x^-x^■\■x^ — x■^■>^... 
2/2'= x^^-^G^x.^^'^C^x^-^G^x^-V . 
2/3'= -% + '02X4 - ^G^x-^ + . . . 



Show that iT* = E, and that K has /j {x, y) as an invariant. 

Prove a similar result for the substitution (ii) of § 3. (See 
Ch. I, § 5, Ex. 5). 

Deduce the theorem of Ch. II, § 7 ; and show that if in that 
section A is orthogonal, A is the product of two orthogonal sub- 
stitutions of order 2 (which are therefore also symmetric), each of 
which transforms A into its inverse. 

§ 4. Substitutions with 

XjXj-f ...+XkXjt — Xij^.jXij+j— ... — XmXm 

as Invariant. 

As in § 1, we prove that: — 

A substitution is transformable into a substitution with 
a Hermitian invariant of non-zero determinant if and only 
if its invariant-factors, which are not of the type (X — e)', tvhere 
I e I =1, occur in pairs of the type (A.— a)", (A — «"*)". 
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If the canonical form N of such a substitution A is the 
direct product of substitutions of the type 

x/ = a (aji + x^), ..., x\_i = a (x^.j + x^), x' - (xx^ i 

3/i'= a"' (2/1 + 2/2). •••. v't-x = «"' (2/r-i+2/r). 2//= a''2/r3 

where | a | ^\, and of substitutions of the type 

X( = a (Xi + Z,), .... ZV-i = a (X,_i + Z,), Z/ = aX„ 

where | a ] =1, we can, without altering N, transform any 
giren Hermitian invariant of N with non-zero determinant 
into the sum a of functions of the type 

fx{x,y)+fA^>y) and ±(iy-\f,(X,X) 

respectively. 

The proof is similar to that of §§ 2, 3, but is somewhat 
easier, as we escape the complication introduced by the fact 
that y*! (x, x) = 0, if r is even. 

As before, it will follow that A can be transformed into N 
while a given Hermitian invariant of A with non-zero 
determinant is transformed into u. 

Now either /j {x, y) -f- /j (x, y) or + (i)'-i/, (X, X), when put 
in standard form by the method of Ch. Ill, § 6, is of the type 

±('7l^l-'/2^2 + '/3'J3-»?4^4+ •••)• 

Take, for instance, the case of r = 5. 
(iY-'MX,X)=X,X,+ X^{-X, + ^X,) + X^{X,-^X, + ^X,) 
+ X,{-X,-\X,) + X,{X, + ^X, + \X^ 

= {iX, + :^X,\ + {-X,X, + X^{X^-^X,) + X,{-X^-^X,)], 
where x = Xi + fZ^ + ^Xj. 

Now 

2(±X, + xl,) = (x -h Z3) (x -h Z,) - (X - X,) (x - Z J 
and 

-z,z,-hZ3(Z3-^z,)-i-z,(-z,-|Z3) is {iy-^f^{x,X) 

when r = 3 and Zj, Zj, Z3 are replaced by Z^, Z3, Z^. 

Hence, if the statement is trae when r = 3, it will be true 
when r = 5 ; so that we establish the result by induction. 

Similarly, in the case oi f^{x,y)+f^{x,y) put (when r = 5) 

x = x, + |Xj-i-^a;3, y = 2/1 + 12/2+ l2/3- 
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Suppose that when the given Herinitian invariant of A is 
put in standard form it becomes 



Cl fl + • • • + ffcfi — ffc + l ^fc + l — ■ . • — ^,» ^7» ' 

where we may suppose without loss of generality that 
2 ^ > m. 

Then we have, exactly as in Ch. VI, § 12 : — 
'A cannot have more than 2(m — A;) characteristic-roots 
whose modulus is not unity. If exactly 2k — 7n characteristic- 
roots have unit modulus, the corresponding invariant-factors 
are linear ' ; 

and similai-ly for the other two theorems at the end of Ch. VI, 
substituting ' characteristic-root with unit modulus ' for ' real 
characteristic-root '.* 

Ex. 1. Find a substitution with invariant-factors (X — a), (X— a~'), 
having xx—yp as invariant. 

[A substitution N with these invariant-factors is a;'= ixx, 
y'= a"^y, and it has as Hermitian invariant with non-zero 
determinant 

^(x^-xy) = XX- YY, where x = X + iY, y = iX+ Y 

(see Ch. Ill, § 6). But when N is expressed in terms of X, Y, 
it becomes 

r = |(-a + a-i)Z-fi(a-f-a-i)r, 

which is the required substitution, when we replace X, Y by x, y. 
This method enables us to find a substitution with Hermitian 
invariant x^w^ -|- ... + x^.x^.-Xk+i.rf,+i - ... -a;,„a-,„, 

and any given invariant-factors consistent with § 4.] 

Ex. 2. Find a substitution with invariant-factor (\ — e**)'^, and 
invariant xx—yy. 

Ex. 3. li A + E has non-zero determinant, where A is alternate, 
2{A + E)~^ — E is orthogonal (a so-called 'Cayleyan' orthogonal 
substitution ; see Cipolla, Atti dell' Accad. Crioenia di Sci. tiat. in 
Catania, 5, VII, p. 1). 

Every orthogonal substitution is the product of a Cayleyan 
substitution by a substitution of the type i + x^, +a;g, ..., ±Xj„). 

What is the corresponding result for a substitution with 
invariant a;,Si-|- ... +x^.t^.-x^.^-iXi^+i-... -a;,„a=„? 

♦ See Loewy, Math. Annalen, 1 (1898). p. 557. 



CHAPTER IX 

FA.MILIES OF BILINEAR FORMS 

§ 1. Family of Bilinear Forms. 
The bilinear forms 

'^(^ijyi^j->^'^hjyi^j (i.i = 1. •-. •••. m) 

obtained by varying X are called a fainxUy of bilinear for ths.* 
Suppose that by the substitution of 

Pn^l+Pl2^2+--+Ptm^m for a!,„| .J ^ j g . 

9n7i + 912^2 + •■■ + qtmym for yj^ >.■••. 
^afiy;Xj becomes Sc^^y^Xj, and ^hiiy^x- becomes Sdiyy^x^.-t 
Then evidently the family 

^aijVi^j-^^^hjyi'^j becomes 2c,;^y,.X;-X2cZ^jy,x^-. 

By a suitable choice of Xj, ..., x„,, yj, ..., y,„ we can throw 
SCf^y^x— ASd^y^x- into a comparatively simple shape. 
This process will be given in § 2. 

It has been proved in Ch. Ill, § 1, that the invariant- 
factors of the determinants of the forms 

2aijyiXj-\I.bijyiX, and Ic^^iXj-Kld^jyiXj 

are the same. 

If we take 

Vl = a^i, 2/2= ^2. •••. Vm = ^m' "ij = Uji' ^ij = ^ji' 

we obtain a family of quadratic forms. 
Similaily, by taking 

2/l = *1. 2/:i = ^2' ••• . Vm = ^Hi. «v = «Ji. hj = \h 

we obtain a family of Hermitian forms. 

We shall suppose in §§ 2, 3 that the determinant of the 
form ^bfjyiXj does not vanish. 

* Eine Schaar von bilinearen Formen. 

+ By Ch. Ill, § 1, C = PAQ', D = PBQ', with the usual notation in which 
A is the substitution corresponding to Za/ji/jXj, &c. 
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§ 2. Reduction of a Family of Bilinear Forms to its 
Canonical Shape. 

The family of bilinear forms "S.UjjiifXj—'Klhi-yjXj can he 
reduced to the canonical thape 

a (x, y) - X (xiyi + x,y2 + . . . + x,„y,„), 

tchere «(x, y) is the sum of bilinear forms of the type 

yj(ax, + x2) + y2(ax2 + X3) + ...+y,_i(ax,.i + x,.)+y;.(ax^), 

provided the determinant of "Sihj-yiX- does not vanish. 

Suppose variables fj, ^^, ..., f,„, Vi, V2^ •-■■> Vm chosen so 
that ^bfjyiXj becomes 

(see Ch. Ill, § 3). 

Let ^a^jy{Xj, when expressed in terms of these variables, 
become 2c,v-7;,-^-. Then the family, when expressed in terms 
of the ^'s and the t/'b, becomes 

^<^ijVi^j-mini + ^2Vi+---+i,nVn,) (i) 

If the determinant of ^afjyiXj and therefore the determinant 
of 2Cj"7),-f^- is not zero, we put 

Vt = la 71 + 912^2+ •■■■*- llm ym ' 
where Q' = P~^ and PCP~^ is a canonical substitution 
(Ch. I, § 9). Then the required transformation is performed, 
for by Ch. Ill, § 1, 

If the determinant of Ic^jth^j vanishes, we write (i) in the 
form 

-(^ + e) (fill + 6t,2 + ... + f,„7),„) 

and take P'^ as the substitution transforming C+tE into 
canonical shape, (e is chosen so that the determinant of 
C+iE does not vanish.) 
Then we reduce 

2;c,yi],-fj +e(fl';i + f2'/2+ ••• + ^mV,n) 
to the sum of bilinear forms of the type 
y, ((a + e)x, +X2) + ... +yr-i ((« + f)x,_, + x,) +y, ((a + e)x,) 
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and also reduce 

(^ + e) (^1 J?l + fa '^2 + • • • + ^mVm) 
to (X + <)(xiyi + X2y2 + ...+x^y„), 

which completes the required transformation. 

Since transformation of the vasiables does not alter the 
invariant-factors of the determinant of a family of bilinear 
forms, the invariant-factors of the determinant of 

are (A. — a)', &c. 

Conversely : — 

If the determinants of two families of hUinear fwnis 
^aiiyiXj~\I,bijyiXj and ^CfjyiXj-^I^dijyfXj 
have the same invariant-factors, and the determinants of 

do not vanish, one family can be transformed into the other 
by a suitable change of variables. 

For both families can be transformed into the same familj', 
which is the sum of forms of the type 

{y^{(xx^+x^) + ...+y^^^{(xx,_^ + x,) +y^(ax,)} 

-X{x^y^ + x^y.^+...+x,yr]. 
Corollary. 

The family of bilinear forms can be transformed into the 
sum of families of the type 

{ (a - A) (?/, a;,. -f- 2/,a;,. 1 -f- j/jsj^.j -(- . . . + 2/,a;i) 

+ {Vi^r + y^^'r-l +■■■+ yr^2) i ■ 

For the determinant of this family has invariant-factors 
(A — a)*", &c., as is readily verified. 

Ex. 1. Transform 

{^1 (4xi-Xi + x,)+y2 (9a;i + Sx^ + Txgj+y^ (Tx^+x^ + 8X3)} 

-^{yi{-2x.,-X3) + y2(2xi + Sx^ + 2x^)+y3(-x^-X2-X3)] 
into canonical shape. 

[Put ii= -2x^-Xs, i!i=2xi + 3x2 + 2x.i, f 3 = -x^-x.^-x^. 
The family becomes 
{^i(36 + 6-2f.) + 2/2(2f, -1-3^,-3^3) 

+ 2^3(4^1 + 2^2-3^3)) -A {yi^^+y.,^2 + y3^3J- 
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Now (Sa-i + Xj— 2a;3, 2x1 + 3x2 — 3x3, 4x1 + 2x2—3x3) 
is transformed into (xi + Xj, x^+x^, xj 
by (Xj, 2X1 + X2-2X3, -2X1 + X3), 

whose inverse is (Xi, 2X1 + X2 + 2X3, 2xi + xJ. 

We put then 

^l = «l, £2 = 2X1 + X2+2X3, ^3 = 2Xi+X3 | 

yi=yi + 2y2-2y3, 3/2 = 72, 3/3= -27^ + 73!' 
and the family takes the canonical shape 

{ yi (*i + «2) + y2 (*2 + »3) + ya }- ^ {«i Yi + 3^272 + "ays! -D 

Ex. 2. Transform into canonical shape 

{ -ijTiXi +^2 (2a;i-X2)} -X {j/, (-2xi + X2) + y2(Xi-X2);, 
and {yi (-2x2- 2x3) +y2(2a:i-5x2-2x3) + y3(Xi- 3x2-2x3)} 
- \ {y, (2x2— X3) +j>2 (— 2xi + 3x2 - X3) + 3/3(-Xi + 2x2 -X3)] . 

§ S. Reduction of a Family of Quadratic Forms to its 
Canonical Shape. 

The family of quadratic forms 

where a,v = a-j and 1)^1= bj^, can be reduced to the suvi <r of 
families of quadratic forms of the type 
{(a-X)(x,x,.+X2X,_i + X3X,.2 + ...+x,Xi) 

+ (X2X,. + X3X,_i + . . . + X^Xj) } , 

provided the determinant of Eb^jXiXj does not vanish. 

Let fi, ^2, •••, fr ^^ independent linear functions of 
Xj.Xj, ..., x^ such that 

XjXr + XjX,.! + . . . + X^Xi = ^i« + £2" + . . . + f r^ 

and similarly for each constituent of the sum a-. 
For instance, we might take 

v/2^1= Xj + Xr, V2i,= l(Xi-X,.), ^2^2= ^2 + ^r-l. 

-/2f,._i=i(x2-x^,i), &c. 
Suppose that this reduces the sum of forms such as 
a (XiX, + XjX^., + . , . + x^xj + (xjx, + XjX,.! + . . . + x^X2) 
to Skijiiij and that K is the corresponding symmetric 
substitution. 
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The invariant-factors of the determinant of o- ai-e readily 
seen to be (X — a)'', &c., and therefore the determinant of 

has the invariant-factore (A.— a)'', &c., which may be supposed 
the same as the invariant-factoi-s of the determinant of the 
given family, since a and r are at our disposal. 

Choose now independent linear functions X^, X^, ..., A",,, 
of ^1, «2, •■., x,n so that 

UijX;Xj = X,^ + X,^+...+XJ. 

Suppose I,aj-XiXj = ^c^XiX ■, and let A, C be the symmetric 

substitutions corresponding to these two forms. 

Take now the orthogonal substitution P such that 
PGP' = K (Ch. VI, § 5). 

Since P'^ = P', the transformation 

Pn^i-^Pi2^.2+---+PtmLi for X, 
transforms 2 c,jXjXj into 2 kfj^j^j 

and X,^ + Z,2 + . .■ + XJ into f,^ + ^ ■'+...+ U'- 

Hence the family 2 a^jX^Xj—X.!, hijXiXj may be transformed 
into 2 k^j ^f ^j — A. (^j2 + ^2^ + . . . + ^^j2), which is transformable 
into the given canonical shape. 

We have assumed that the determinant of A does vanish. 
If it does, we proceed as in § !?. 

As in § 2, we have : — 

If the determinants of the two families of quadratic forms 
2 O'ij^i^j -^^ hj^i^j a'nd 2 c^jX^x- - A 2 d^j x^Xj 
(where a^j = aji, by = bji, Cij = Cji, d^j = dji) have the same 
invariaid-fadors, and the determinants of ^b^jXiX- ami 
2d{jXiXj do not vanish, one family can be transformed 
into the other by a suitable change of variables. 

Ex. 1. Transform into canonical shape the family 

{23?+Uxy-llZy^)-\(2h3?-lQ0xy-\-12by^). 
[Put 5 X = a: + 2 y, 5 r = y. Then the family becomes 
^ (2Z2 + 72Zr-|- 23 r^) -\(X^+ Y^. 

Now the symmetric substitution i^^'t?^ , ^6^23^. .^ 
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transformed into {2x, —y) by the orthogonal substitution 
(Sx+4y -ix + 3ys . . /3x-iy 4a;+3«x 

I, — 5 — ' g ) whose inverse is (^ — ^— ^ > — H""^)' 

Put therefore 5Z = 3x-4y, 5r=4x + 3y, and the family 
becomes (2 x' - y^) - X (x^ + y^).] 

Ex. 2. Transform into canonical shape the families 
(5x^~6xy+y^)-k(2x^-2xy), 
(-2x^+y^ + 2ye-2xg)-\{2x^+y^ + 2xe + 2xy), 
(2g'^-4ye + iex-ixy)-\(3x^ + 3y^ + z'^-2yz + 20X-2xy). 
Ex. 3. The equation S—KS'=0, where 

S = ax^ + 2hxy+ fe/ and S' = a'x^ + 2h'xy+ bY, 
represents an involution pencil. 

If S— A S', when put in canonical shape, becomes 

(Xix2 + A2y2)-X(x2 + y«), 
X = 0, y = are the double lines of the pencil. 

Putting y=l, evaluate „ - , by the substitution g = x/y. 

For instance, take S = Sx^—4:X + 2, S'=23i^—2x+l. 

[x, y are very readily obtained ; for (Xj — A2)x^ = S— X^S', &c. 

The integral is made to depend on 

dz 



edz , 

and 



(Xi^2 + Xa) (1 + ^2)i J (Ai^2 + X^) (1 + z^)i 

Now put l+e^ = u^ or 1/(1— j;^), respectively.] 
Ex. 4. Verify by means of this section that the family S—\S', 
where S =ax'^ + by^ + cz^ + 2fye + 2gex + 2hxy, 

S'= aV + by + c'z^ + 2fyz + 2 g'zx + 2 h'xy, 
and S' is non-degenerate, can be reduced to one of the shapes 
a — X(/ given in the first table of Ch. IV, §9 ; and similarly for 
conicoids. 

Ex. 5. Prove that the family of Hermitian forms 

lUijXiXj-K^bijXfXj, 
where o,-,- = a.v and b,, = 6,-,, can be transformed into 

(XiXiXi + X2X2i2+...+X„X„i„)-X(XiXi+X2X2+...+X„xJ 

if SbijXfXj is a positive Hermitian form. 

Ex. 6. If Za^jXiXj and Xb^jX^Xj are real quadratic forms, the 
latter being ^osJ<ive, ^aijXiXj—X^bfjX^Xj can be transformed into 

(XiXi=' + X,X,*+ ... +X„X„2)-X{Xi2 + X22+ ... +X„2) 

by a real transformation. 
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[By a real transformation we can transform the given family 
into 2Cyf,^^.-A(fi2 + f^2+... + £^2). Now put 

^t = Pn^l +Pt2^ + - +Ptm^m, 

where P~^ is the real orthogonal substitution transforming C into 
a multiplication (Ch. I, § 12j.] 

Ex. 7. If the determinants of the alternate form Say^j-a;,- and 
the symmetric form ^byi/^Xj do not vanish, the family 

can be transformed into the sum of families of the tjrpe 
(a-A){y2,.Xi+y2,._,X2+ ... +y,.+ix^) 

+ (~0C-\) (y^X^+i + 7r-l^+2 +-+7l^r) 
+ (.72r^i + 7ir-1^3+ ■■■+7r+2^)-(7r^+2 + Jr-l^+3+ -+72^r)- 

[As in § 3, using the last theorem of Ch. VI, § 9.] 



We may also prove the result at the end of § 3 by the aid 
of Ch. VI, § 4, Corollary III, without using the results of 
Ch. VI, §§ 5 and 6. 

We know by § 2 that the bilinear family 

can be transformed (as in § 1) into 

since the detenninants of the two families have the same 
invariant-factors. Then, with the notation of § 1, we have 
PAQ'= C and PBQ'= D. 

If, then, we can find R such that RAR'= C and RBR'= D, 
the quadratic family 2 a^jX^Xj — k^ h^jX^Xj will be transformed 
into 2 C{jXiXj — K2 dfjXfXj on replacing 

X, by rf^x^ + r(^x^+...+r^,^x^ {t = 1, 2, ...,m) 
on the supposition a,y = aji, b^j = bji, c^j = Cji, d^j = dj^. 

Now since QAQ' and PQ-^.QAQ'= C are symmetric, by 
Ch. VI, § 4, Corollary III we can find T, depending solely on 
PQ-^ (not on QAQ' or A), such that 

T.QAQ'.T'=PQ-KQAQ\ 

Then, since T does not involve A, we shall have also 

T.QBQ'.T'=PQ-\QBQ'. 

Putting TQ = R, we have RAR'= C and RBR'= D, as 
required. 



1X4] 



FAMILY OF BILINEAR FORMS 



179 



Ex. 1. Let E, K^, L, L^ be the substitutions corresponding to 
the bUinear forms 

lh={y\[-^x-^-ix^ + ^x^)-\-yi(-ixi->rX2+x^)+y^[hXi+Xi-^x^)}, 

I ={yi{—'i:Xi — 4:X2 + bx3) + y2(—4:Xi+Xi + X3)+y3(5xi + X2-Bx3)'i, 

Zi = {«/i ( - Gajg + 5x3) + 2^2 ( - 6 iCi + a;2 + 2a;3) + 2/3 (5a;i + 2^2 - 40:3)} . 

Then the family of bilinear forms k—)^ki is transformed into 
l — \li when we replace 

x^ by SaJi + Xg— 2X3, x^ by 2x^ + 8x2— Bx^^, x^ by 4a;i + 2a;2— 8x3. 

Hence, if ^ = (3a:^ + a;2—2a;3, 2xi + Zx^—BXi, A:Xi-\-2x,,—%x_), 
AK = L and AK^ = L^. 

Now, by Ch. VI, § 4, Ex. 2, RER'= L, EKiIif= L^, where 

XI ^ ( 4 Xj + -J a;2 — a^^zt 2 ■''1 "f" "•''2 ~" 4 •''3 1 5 •''1 + •''2 4 •"a)" 
Hence the family k—kki is transformed into l—Xl^ when we 
perform on it the congruent transformation corresponding to B. 

Ex. 2. If Soy-^jajj and ^bijy^Xj are alternate bilinear forms 
with non-zero determinant, the invariant-factors of the deter- 
minant of ^a^yiXj—X^byyiXj occur in pairs of the type 

(A-a)--, (X-a)'. 

[Transform ^b^^y^xj by a congruent transformation into 

(xiy2-Xiy-^) + {x3yi-Xiy^+ ..., 

as in Ch. Ill, § 7. Then the determinant of the family is of 
the type 



a + \ 
-o-X 
-b -d 
—c —e 


b c 
d e 
k + \ 
-k-K 




-a-\ 
-o-X 

— c — e 
b d 


d e 
-b -c 
-k-\ 

-k- 


-X 



taking the forms of degree 4 as au illustration. 

But the latter determinant is the characteristic-detei'minant of 
the product of the two alternate substitutions with matrices 






a 


b 


c 







1 








—a 





d 


e 


and 


-1 











-b 


-d 





k 











1 


—c 


— e 


-k 













-1 






Now use Ch. VI, § 8.] 
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Ex. 3. Show that the family of alternate bilinear forms 

of Ex. 2 can be transformed into the sum of families of the type 
(-« + ^) (y2r*l+y2r-l*2+ - +yr+i»,) 

+ (a-^)(yr*,+l+yr-l*r+2+ - +yi«2r) 
-(y2r«2 + y2,-l»3+ - +yr+25^) + {yr^+2 + y»-l*r+3+ - +y2«2r). 

and that any such family can be transformed into any given 
similar family with the same invariant-factors. 
[Use the method of § 4, and Ch. VI, § 8, Ex. 6.] 

Ex. 4. Illustrate the theorem of Ex. 3 by a simple example. 

[Use Ch. VI, § 8, Ex. 7 in the same manner that Ch. VI, § 4, 
Ex. 2 was used in Ex. 1.] 

Ex. 5. If 2a,--ava;,- and 2&,-a^,.a;i are Hei-mitian forms with non- 
zero determinant, the unreal invariant-factors of the determinant 
of SOy^jS;^— AS6j-j«,a;j occur in pairs of the type 

(A_a)r, (A-a)*-. 
[Transform 26,-^x^a;^- into 

Then the determinant of the famUy becomes the characteristic- 
determinant of a substitution of the type discussed in Ch. VI, 
§ 12.] 

Ex. 6. Show that the family of Hermitian forms 
'S.UijXiXj-X'^hijXiXj 
of Ex. 5 can be transformed into the sum of families of the type 

+ (a-A) (x,.x^+i + Xr-iX^+2+ ... + XiXj,) 

+ {i2r«2 + *2r-l»3+ - +i,+2*r) + (ir»»+2 + 3Cr-l»r-K3+ ••• +i2*2r) 

where a. is unreal, and 

(a-A)(i^Xi-f X,_lX2-f ... +iiX,.) + (i,.X2 + ir-l«3+ - +i2«r) 

where a is real, and that any such family can be transformed 
into any given similai- family with the same invariant-factors. 
[.As in Ex. 3, using Ch. VI, § 11, Ex. 1.] 

§ 6. A Pamily in which both Determinants vanish. 
If in § 2 the determioants of both laiyy^x^ and b^jyiXj 

vanish, we may reduce the family of bilinear forms to a simpler 
shape as follows. 
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Take any quantity « such that the determinant of 

^bijyiXj = IbijyiXj-e^aijyiXf 

does not vanish. 

Then the family of bilinear forms becomes 

(1-Xe) {I,aijyiXj-\^bijyiXj], 

where (1— \€)X = X. 

This family may be transfoi-med into simpler shape as in § 2 ; 
and then we replace \ by X/(l — Xe). 

A similar method applies to a family of quadratic forms. 

For further details of this method, and for the case in which 
the determinant of the family vanishes identically, we must 
refer to the treatises quoted in the preface. 
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